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Abstract
Arbitrage-free models for VIX and equity derivatives are the primary focus of this thesis. The
first major contribution of the thesis is in Chapter 4. The 3/2 plus jumps model is studied in
detail and formulae for the valuation of VIX and equity derivatives are derived under such a
specification. The results demonstrate that a pure-diffusion 3/2 model is able to capture the
observed upward-sloping implied volatility skew in VIX options. The 3/2 plus jumps model is
able to better fit short-term index option implied volatilities, while producing more realistic VIX
option implied volatilities, without a loss in tractability.
The primary contribution of this thesis is in Chapter 5, in which a new modelling approach
that directly prescribes dynamics to the term structure of VIX futures is proposed. The approach
is motivated by the tractability enjoyed by models that directly prescribe dynamics to the VIX,
practices observed in interest-rate modelling, and the desire to develop a platform to better
understand VIX option implied volatilities. The main result is the derivation of necessary
conditions for there to be no arbitrage between the joint market of VIX and equity derivatives.
The conditions are stated in Theorem 5.5.3 and Theorem 5.5.4. The theorems also address
a fundamental open problem related to models that directly prescribe dynamics to the VIX.
The chapter is concluded with an application of the main result, which demonstrates that when
modelling VIX futures directly, the drift and diffusion of the corresponding stochastic volatility
model must be restricted to preclude arbitrage.
The thesis concluded with Chapter 6, which is concerned with option and implied volatility
surfaces for VIX and equity derivatives. Several original representations concerning option and
implied volatility surfaces are presented. The thesis is concluded with a discussion of the open
problems and comments regarding future potential research.
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Chapter 1
Introduction
1
The primary concern of this thesis is the Chicago Board of Options Exchange Volatility Index,
which is more commonly known as the VIX. Derivatives on the VIX provide market participants
with a mechanism to invest in the markets’ expectation of the 30-day index volatility, without
the need for purchasing index options. Investors can gain exposure to volatility through the
purchase of VIX futures or VIX options, which have become increasingly popular in recent
years. Since products are traded on both the underlying index and the VIX, it is desirable to
employ a model that can simultaneously reproduce the observed characteristics of products on
both indices, while remaining free from arbitrage. Arbitrage-free models for VIX and equity
derivatives are the primary focus of this thesis.
In the existing literature, many solutions have been proposed for the modelling task, which
can be categorised according to the assumptions made regarding the market of traded instru-
ments. All existing models can generally be placed into one of the following categories:
(a) The underlying index is the primary traded security. Index options, VIX futures and
VIX options are priced relative to the underlying index.
(b) The underlying index and a continuum of variance swaps are the primary traded securi-
ties. Index options, VIX futures and VIX options are priced relative to these products.
(c) The VIX is modelled directly. VIX futures and VIX options are priced relative to the
VIX.
For models that belong to category (a), the dynamics for the underlying index are specified
under a pricing measure and the discounted price of a derivative is expressed as a local martin-
gale. The square of the VIX is defined as the expected realised variance of the index and the
discounted price of a derivative on the VIX is expressed as a local martingale under the same
measure.
The majority of papers on pricing VIX derivatives fall into this category. Zhang and Zhu
(2006) derived an expression for VIX futures assuming Heston (1993) stochastic volatility dy-
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namics. Lin (2007) presented an approximation formula for VIX futures based on a convexity
correction, which was then used to price VIX futures when the S&P500 is modelled by a Heston
diffusion process with simultaneous jumps in the underlying index and the volatility process
(SVJJ). A more general result was presented in Zhu and Lian (2012), who assumed the same
dynamics for the S&P500 as Lin (2007) and derived an exact formula to price a VIX futures
contract. The literature on pricing VIX options is generally similar to that of pricing VIX fu-
tures: affine stochastic-volatility dynamics are usually assumed for the underlying index, which
enable some tractability to be retained when deriving option pricing formulae. A square-root
stochastic variance model with variance jumps and time-dependent parameters was considered
for the evolution of the S&P500 index in Sepp (2008), while option pricing formulae under the
SVJJ dynamics were presented in Lian and Zhu (2013). Sepp (2011) and Papanicolaou and
Sircar (2013) attempted to capture empirically observed features of the implied skew for options
on the VIX. The former considered a range of parametric and non-parametric models, while the
latter employed a regime-switching stochastic-volatility model.
For models belonging to the second approach, it is assumed that variance swap markets
are liquid enough to justify the use of variance swaps as a model input. The extended market
enables models to better capture term-structure features observed in both variance and volatility
markets. Similar to the previous class of models, the VIX is defined in terms of the primary
instruments. The discounted price of a derivative on the VIX is expressed as a local martingale
under the same pricing measure that is used for pricing derivatives on the index. See Bergomi
(2005), Bergomi (2008), Buehler (2006) and Gatheral (2008) for a further discussion of models
in this class.
A first step in proposing any model is to make assumptions regarding the class of traded
instruments. In approaches (a) and (b), it is assumed that index instruments and possibly vari-
ance swaps are liquidly traded. A model is assumed for the dynamics of the liquidly traded
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instruments, which enables an expression for the VIX to be derived. By construction, these
approaches guarantee that the assumed dynamics for the VIX are consistent with those as-
sumed for the underlying securities. Little is mentioned, however, on the topic of hedging VIX
derivatives. Unlike other volatility related products, the VIX is not traded and it cannot be
statically replicated, due to the non-linear transformation used in its definition, making hedging
in practice a non-trivial exercise in the setup of approaches (a) and (b).
In the final approach, the market is assumed to be mature enough to allow for the pricing
and hedging of VIX derivatives relative to the listed VIX futures. Models from this class are
capable of capturing empirically observed features of the VIX and offer the attractive property of
analytic tractability. Moreover, the problem of hedging is naturally answered and is more in line
with market practice. The VIX is modelled directly and the discounted value of a VIX future
is expressed as a local martingale under some pricing measure. There are several examples of
this approach in the literature. Grunbichler and Longstaff (1996) considered a mean-reverting
square-root process for the evolution of the VIX and presented closed-form pricing formulae for
VIX derivatives. Psychoyios et al. (2010) concluded that a mean-reverting logarithmic diffusion
with jumps is supported by VIX time-series data and derived closed-form formulae for VIX
derivatives. A variety of model specifications were considered by Kaeck and Alexander (2010)
and a statistical analysis was performed. The authors evaluated the performance of a wide
range of models for risk management and derivatives pricing applications. An empirical analysis
of one-dimensional diffusions for the VIX was performed in Goard and Mazur (2013) and the
authors concluded that a pure-diffusion 3/2 model is best suited to capture the dynamics of the
VIX. Derivatives were then priced relative to the VIX under such a specification. Drimus and
Farkas (2012) attempted to replicate the concept of a local-volatility surface, which originated
in Dupire (1993), for VIX derivatives under the assumption of linear mean-reverting dynamics.
Unlike the previous approaches, however, no connection is made between the pricing measure
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chosen for derivatives on the underlying index and the measure chosen to price those on the VIX.
Furthermore, no attempt has been made to connect the dynamics of the VIX to the dynamics
of the underlying index, making this modelling approach somewhat incomplete.
There are several original contributions presented in this thesis. The first major contribution
is Chapter 4, which is a reorganised version of the publication Baldeaux and Badran (2014).
The chapter is concerned with models that belong to category (a), that is, models that derive
the VIX index from assumed dynamics for the underlying and price accordingly. The 3/2 plus
jumps model is studied in detail and formulae for the valuation of VIX and equity derivatives
are derived under such a specification. The pricing formulae are presented in Proposition 4.5.2.
The results demonstrate that a pure-diffusion 3/2 model is able to capture the observed upward-
sloping implied volatility skew in VIX options. The 3/2 plus jumps model is able to better fit
short-term index option implied volatilities, while producing more realistic VIX option implied
volatilities, without a loss in tractability.
The primary contribution of the thesis is Chapter 5. A new modelling approach that directly
prescribes dynamics to the term structure of VIX futures is proposed. The main contributions of
the chapter are Theorem 5.5.3 and Theorem 5.5.4, which state necessary conditions for there to
be no arbitrage between the joint market of VIX and equity derivatives. The chapter addresses
fundamental open problems related to models that directly prescribe dynamics to the VIX.
An application of the main result is provided, which demonstrates that when modelling VIX
futures directly, strong restrictions on the corresponding stochastic volatility model are required.
A more detailed description of the structure of the thesis is provided below.
In Chapter 2, mathematical preliminaries, market definitions and theoretical definitions are
stated. The purpose of this preliminary chapter is to simply state the important definitions.
In Chapter 3, an overview of the mathematical history of the VIX is presented in an effort to
provide context to the definitions of Chapter 2. The methodology implemented by the Chicago
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Board of Options Exchange to calculate the VIX closely follows the literature on replicating
variance swaps. A brief review of the literature on replicating variance swaps is provided,
followed by several key propositions regarding the alternate representations of the expected
realised variance of a stochastic process, which is the quantity
ηt(τ) =
1
τ
EQ [ [lnF ]t+τ − [lnF ]t| Ft] .
Three fundamental quantities that are related to the above expression are presented and exam-
ined, and the relationship between the expected realised variance of a process and the VIX is
discussed in detail. An original contribution is the proof of Lemma 3.4.9, which is required for
the proof of one such representation.
The main contribution of the Chapter 4 is the derivation of formulae for the valuation of VIX
and equity derivatives when the underlying index is assumed to follow a 3/2 plus jumps process.
The selection of a 3/2 model for the underlying index is motivated by empirical and theoretical
evidence supporting the model, the claim that jumps are required to capture the upward-sloping
implied volatility skew of VIX options (Sepp (2008)), and the fact that pure-diffusion models fail
to capture features of implied volatility in equity options for short maturities (Gatheral (2006)).
In Section 4.2, numerical results are presented to illustrate that the pure-diffusion 3/2 model
is able to produce upward-sloping implied volatility skews in VIX options, while a competing
model of the same complexity and analytical tractability cannot. Such an observation contradicts
a common perception in the literature that pure-diffusion stochastic volatility models are not
capable of producing an upward-slowing skew for VIX option implied volatilities (Sepp, 2011).
Jumps are introduced to enable a better fit to short-term index option implied volatilities, while
producing more realistic VIX option implied volatilities, without a loss in tractability.
The resulting 3/2 plus jumps model is studied in detail. In Proposition 4.3.1, the conditions
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that ensure that the discounted stock price is a martingale under the pricing measure are derived.
So far in the literature (Bayraktar et al. (2012); Drimus (2012); Lewis (2000); Mijatovic´ and
Urusov (2012)) these results have been provided for pure-diffusion processes only, as they are
based on Feller explosion tests (Karatzas and Shreve (1991)). The joint Fourier-Laplace trans-
form of the logarithm of the index and the realized variance are presented in Proposition 4.4.1,
which allow for the pricing of equity and realized-variance derivatives. The derivative pricing
formulae are presented in Proposition 4.5.2. The approach used in this chapter is not restricted
to the 3/2 plus jumps model and can be extended to a more general setting. The approach
is used to obtain a closed-form formula for VIX options in the stochastic volatility plus jumps
(SVJ) model presented in Bates (1996), resulting in a small extension of the stochastic-volatility
pricing formula presented in Lian and Zhu (2013).
The focus of Chapter 5 is on a new modelling approach that directly prescribes dynamics
to the term structure of VIX futures. The approach is motivated by the tractability enjoyed by
models that directly prescribe dynamics to the VIX, practices observed in interest-rate modelling
and the desire to develop a platform to better understand VIX option implied volatilities. The
main contributions of the chapter are Theorem 5.5.3 and Theorem 5.5.4, which state necessary
conditions for there to be no arbitrage between the joint market of VIX and equity derivatives.
The chapter also addresses a fundamental open problem related to models that directly prescribe
dynamics to the VIX.
The derivation of restrictions that ensure no dynamic arbitrage is a well-known problem
in other areas of finance. In interest-rate modelling, the HJM drift conditions (Heath et al.
(1992)) ensure that there is no arbitrage when forward rates are modelled directly. Variance
curve models for variance swap markets are analogous to forward-rate models for interest-rate
markets. Buehler (2006) derived variance curve arbitrage conditions as well as addressing the
problems of finite-dimensional realisations and model consistency. Many attempts have been
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made to produce similar results for option market models by directly prescribing dynamics to
Black-Scholes implied volatilities (see for example Scho¨nbucher (1999), Brace et al. (2001) and
Schweizer and Wissel (2008)). The situation is much more complex for options, however, due
to the higher dimensionality of the state space and the non-linearity of Black-Scholes implied
volatilities.
Another complexity associated with modelling the VIX directly is in the appropriate spec-
ification of a market price of risk. Since the VIX is not tradable and cannot be replicated,
the usual relationships that connect a derivative to its underlying are not typically observed.
VIX futures are not restricted by traditional cost-of-carry relationships and VIX options violate
put-call-parity relationships when compared to the spot. By modelling VIX futures directly,
complexities involved with the appropriate choice of the market price of risk are avoided. This
is similar to the comparison of short-rate models to forward-curve models in interest-rate mod-
elling.
The final motivating factor for Chapter 5 is the concept of VIX option implied volatility. To
properly understand mathematical features of VIX option implied volatilities, a framework that
connects the dynamics of the VIX to the underlying index is required. Cox and Hobson (2005)
and Roper (2010) provide a comprehensive discussion of no-arbitrage restrictions for traditional
option and implied volatility surfaces. To do so, the authors relied on the notion of an equivalent
martingale measure. In order to extend these concepts to the joint market of VIX and equity
derivatives, necessary conditions for the existence of such a measure are required. For a more
in-depth discussion of VIX surfaces, the reader is referred to Chapter 6.
Unless otherwise stated, all of the results presented in Chapter 5 represent completely original
contributions to the literature and the chapter is set out as follows. The analysis performed in
Section 5.3 is based on assumed dynamics for the underlying index alone. The VIX is a derived
quantity and VIX futures are not an object of concern. Under a very general specification for
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the index and for options on the index, a semi-martingale representation for the VIX index is
derived. The dynamics are stated in Proposition 5.3.4. The proposition illustrates that the
square of the VIX is generally not a martingale under the same pricing measure used for pricing
derivatives on the index, which is a common misconception in the literature. For example, Lin
(2013) stated that the VIX squared is replicable by a portfolio of options and can thus be treated
as a tradeable asset. Such a claim is invalid due to the nonlinear presence of the futures price
in the definition of the VIX, which also a topic of discussion in Section 3.5. The representation
in Proposition 5.3.4 is quite tedious and an alternate form of the diffusion term is provided in
Corollary 5.3.6.
Section 5.4 is concerned with the implications of modelling the term structure of VIX futures
directly. The underlying index is no longer an object of concern, rather, the VIX market is
assumed to be independent of any previously made assumptions. The dynamics of a process
that represents the VIX as implied by the family of equations for the VIX futures is derived in
Proposition 5.4.1. The implied process for the VIX is derived by taking the limiting case of the
VIX futures as maturity approaches spot. The procedure is analogous to the recovery of the
short-term interest rate from the forward-rate curve, which is a well known result in interest-rate
modelling.
Section 5.5 is concerned with the implications of the joint modelling of the underlying index
and the term structure of VIX futures. The setup of Section 5.3 and Section 5.4 are both assumed
and restrictions are derived so that there is no arbitrage between the joint market of VIX and
equity derivatives. The restrictions are based on the following two consistency conditions.
Condition 1.1 (C1). P (Vt = V˜t) = 1, for all 0 ≤ t ≤ T ∗, P−a.s., where V and V˜ are processes
that represent the VIX and the VIX as implied by the VIX futures, respectively.
Condition 1.2 (C2). There exists an equivalent martingale measure, Q ∼ P, for the underlying
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index and the VIX, such that futures on the index and futures on the VIX are Q-martingales.
The first condition is a consequence of the restriction that the VIX and the dynamics implied
by the VIX futures must be versions of the same process. This condition simply requires the two
different processes that one could derive for the VIX to be in agreement. The second condition
is a standard no-arbitrage condition and it is obtained through an application of Girsanov’s
theorem. The consistency conditions are equivalent to Theorem 5.5.3 and Theorem 5.5.4, which
are the main contribution of the chapter. The starting point for Theorem 5.5.3 is an equivalent
martingale measure, from which the drift and diffusion restrictions are derived. Theorem 5.5.4
starts with the drift and diffusion restrictions and is concerned with the existence of an equivalent
martingale measure.
The chapter is concluded with Section 5.6, in which an application of the main theorem is
provided. The motivation for this section is to provide a concrete example of the modelling
approach and to assess the implications of modelling the VIX futures directly. The following
proportional volatility model for the family of equations for the VIX futures is chosen
dFˆ V (t, T ) = β(t, T )Fˆ V (t, T ) dZt
and the dynamics of the underlying index are assumed to be given by the stochastic volatility
model
dFt
Ft
=
√
Xt dWt,
dXt = µ(Xt) dt+ σ(Xt) dZt.
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In Corollary 5.6.1, it is shown that β(t, t), µ(x) and σ(x) must satisfy
β(t, t) ≡ γ
and
µ(x) = σ(x)
[
1
2
∂σ
∂x
(x)− γ
]
to ensure that there is no arbitrage between the joint market of VIX and equity derivatives. The
corollary demonstrates that when modelling the VIX futures directly, the drift and diffusion of
the corresponding stochastic volatility model must be restricted to preclude arbitrage.
The thesis is concluded with a discussion of the general properties of VIX option surfaces
in Chapter 6. The suitability of a model for the joint valuation of VIX and equity derivatives
is often assessed through a qualitative comparison of VIX and equity option implied volatility
surfaces. Despite the importance of the VIX implied volatility surface to both academics and
practitioners, basic mathematical properties of the object are yet to be discussed in the literature.
The concepts discussed in this chapter served as a motivation for some of the analysis performed
in earlier chapters. Due to the complexity and relatively unstudied nature of the problems, a
preliminary analysis was first required. In this chapter, fundamental open problems related to
the VIX option surface are discussed. An original contribution is Proposition 6.2.5, in which the
VIX call surface is used to deduce information regarding the underlying index and a relationship
between VIX and equity call surfaces is derived. The chapter represents an initial attempt in
understanding VIX option surfaces, which can be developed further in future research.
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Chapter 2
Market and Modelling Definitions
12
In this chapter, standard mathematical and market definitions regarding the VIX are intro-
duced. Once market conventions have been discussed, the main theoretical definitions that are
used throughout the thesis are stated. The purpose of this preliminary chapter is to simply state
the important definitions. For a discussion regarding the origin of the definitions the reader is
referred to Chapter 3.
2.1 Mathematical Preliminaries
Notation and Terminology
Notation 2.1.1. Let Rd denote the set (−∞,∞)d.
Notation 2.1.2. Let Rd+ denote the set (0,∞)d.
Notation 2.1.3. Let C(X) denote the set of continuous functions on a set X ⊆ Rd+.
Notation 2.1.4. Let Ci,j...(X) denote the set functions that are i times differentiable in the first
argument, j times differentiable in the second argument, etc., each with continuous derivatives,
on a set X ⊆ Rd+.
Definition 2.1.5. Let
φ(x) =
exp(−x2/2)√
2pi
, ∀x ∈ R,
denote the standard normal density function.
Definition 2.1.6. Let
Φ(x) =
∫ x
−∞
φ(y) dy, ∀x ∈ R,
denote the standard normal cumulative density function.
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Definition 2.1.7. Let
d− : R× (0,∞)→ R
(u, v) 7→ −u
v
− v
2
and
d+ : R× (0,∞)→ R
(u, v) 7→ −u
v
+
v
2
.
Definition 2.1.8. The Black price of a call option is a function
CB : [0,∞)× [0,∞)× [0,∞)× [0,∞)→ R
(k, τ, f, σ) 7→

fΦ (d+(ln(k/f), σ
√
τ))
−kΦ (d−(ln(k/f), σ
√
τ)) , σ
√
τ > 0, f 6= 0 and k 6= 0,
(f − k)+, otherwise.
(2.1)
Static Setup
In many situations, such as in the definition of the VIX, option prices at a fixed point of time are
all that is required. For fixed t ≥ 0, call and put option prices are given and are deterministic
functions of strike and expiry. The following definitions and notation is required for the definition
of the VIX and are concerned with the static setup only. For the following static definitions, fix
t ≥ 0.
Definition 2.1.9. Let Cˆt(k, T ) and Pˆt(k, T ) denote a call surface and a put surface, respectively,
which are functions from [0,∞) × [t,∞) → [0,∞). For fixed T > t, the functions Cˆt(·, T ) and
14
Pˆt(·, T ) are referred to as surface skews.
It is often more convenient to parameterise an option in terms of time-till expiry, as opposed
to expiration date, which motivates the definitions
Ct(k, τ) := Cˆt(k, t+ τ)
and
Pt(k, τ) := Pˆt(k, t+ τ),
for each (k, τ) ∈ [0,∞)× [0,∞).
Remark 2.1.1. A more explicit functional form could be provided for the put and call surface
under a corresponding set of assumptions, however, for the purpose of generality these functions
are left unspecified.
Remark 2.1.2. The convention throughout is to use a circumflex to denote functions that are in
terms of a fixed expiration date, while no accent is used to denote functions that are in terms
of time-till expiry.
Definition 2.1.10. An out-of-the-money surface at time t is parameterised by a real number
f > 0 and is given by the function
Θˆt(k, T ; f) := 1k≥f Cˆt(k, T ) + 1k<f Pˆt(k, T ) (2.2)
for each (k, T ) ∈ [0,∞)× [t,∞). The role of the parameter f is simply in the indicator function
in the coefficients of Cˆt and Pˆt .
Similar to before, let
Θt(k, τ ; f) := Θˆt(k, t+ τ ; f),
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for each (k, τ) ∈ [0,∞)× [0,∞).
Definition 2.1.11. A call surface and a put surface are said to satisfy put-call parity if, for a
given f > 0,
Ct(k, τ)− Pt(k, τ) = f − k, (2.3)
for each (k, τ) ∈ [0,∞) × [0,∞). Call and put surfaces that satisfy put-call parity are also
referred to as equivalent.
Remark 2.1.3. There is usually no benefit in providing definitions for the put surface as these
are often implied by Equation (2.3). The reason for defining the put surface is to provide clarity
in the definition of the VIX.
Definition 2.1.12. The Black implied volatility surface at time t is a function
Σt : (0,∞)× (0,∞)× (0,∞)→ (0,∞)
(k, τ, f) 7→ Σt(k, τ, f)
defined implicitly by
Ct(k, τ) = C
B(k, τ, f,Σt(k, τ, f)), (2.4)
for each (k, τ, f) ∈ (0,∞) × (0,∞) × (0,∞) and a given call surface Ct. The function Σt is
well defined on its domain and it is referred to as the implied volatility surface that corresponds
to Ct.
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Dynamics Setup
For the following definitions, let F be a strictly-positive F-adapted process on the filtered proba-
bility space (Ω,F ,F = (Fs)s≥t,Q), where the filtration is assumed to satisfy the usual conditions.
Definition 2.1.13. The expected annualised quadratic variation of the logarithm of F from
time t till time t+ τ is defined as
ηt(τ) :=
1
τ
EQ ( [lnF ]t+τ − [lnF ]t| Ft) , (2.5)
where [·] is used to denote quadratic variation. This expression is simply referred to as the
expected realised variance of F .
Definition 2.1.14. A call surface at time t is represented by F under Q if and only if
Ct(k, τ) = EQ((Ft+τ − k)+|Ft), (2.6)
for each (k, τ) ∈ [0,∞)× [0,∞).
2.2 Market Conventions
The CBOE definition of the VIX attempts to provide investors with a model-free measure of
the markets’ expectation of 30-day volatility of the S&P500 index. The VIX is based on a
representation of expected realised variance in terms of option contracts, which is a discretised
and truncated version of the forthcoming Equation (3.7) with E = k0 (where k0 is defined
below).
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Definition 2.2.1. The CBOE VIX is calculated using the formula
V˜ IXt(T ) :=
√√√√√
2er(T−t)
T − t
∑
j∈I
Θj
∆kj
k2j
− 1
T − t
(
FPCP
k0
− 1
)2× 100; (2.7)
where
T − t: is the time horizon (typically 30 days).
r: is the risk-free rate that applies from time t till time T .
k0: is the “at-the-money” strike and is given by the strike that minimizes the difference between
put and call option prices with expiry at time T .
kj : is the j
th strike and kj < kj+1.
Θj : is the price of an out-of-the-money option with strike kj and expiry at time T , computed
as the average of the bid-ask spread. If j < 0 puts are used, if j > 0 calls are used and for
j = 0 the average of the put and call price is used.
I: is the set of all j, ordered by strike, for which quoted strikes exist in the market with the
provisos that:
– if the bid price for Θj is zero, the j /∈ I;
– the summation stops if two consecutive zero bid prices are met.
∆kj : is the central symmetric difference
1
2(kj+1 − kj−1), except for the first and last strikes in
the sum where a one-sided difference, whichever of kj − kj−1 or kj+1 − kj is appropriate,
is used.
FPCP : is the forward index level, computed using
FPCP := k0 + e
r(T−t)(C0 − P0),
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where C0 and P0 are the (mid-)prices of the call and the put with strike k0 and expiry at
time T .
In the event that no options have exactly 30 days till expiration, as is ordinarily the case, the
CBOE interpolates between the CBOE VIX squared calculated at the two closest maturities,
V IXmrkt :=
√
365
30
(
(T1 − t)V˜ IX
2
t (T1)
NT2 − 30
NT2 −NT1
+(T2 − t)V˜ IX
2
t (T2)
30−NT1
NT2 −NT1
)
, (2.8)
where t < T1 < t+ 30 days < T2 and NT denotes the number of days from t till time T . Since
the CBOE VIX is always defined for a 30 day time horizon, the dependence on T is omitted.
For more information on the market definition of the VIX, the reader is referred to the CBOE
(2009) white paper.
Remark 2.2.1. An interesting property of the CBOE VIX is that the mid-points of the bid-ask
spread of option prices is used in its calculation. In times of market turmoil, the bid-ask spreads
of the composite option prices are likely to widen. In the event that bid-ask spreads widen, the
CBOE VIX and the quantity it is intended to capture will diverge, at a time when the CBOE
VIX would be of particularly importance to investors. For reasons such as these, a study of the
market micro-structure features of the CBOE VIX could be of interest.
The VIX is defined using liquidly quoted index options, however, the index itself is not
tradable. Investors are able to take a position on the value of the VIX index via VIX futures
and European options on the VIX, which are liquidly traded instruments. VIX futures and VIX
options deliver a cash settlement amount that is related to the value of the VIX index at expiry.
Traditional relationships that are usually observed between an option and its underlying do not
hold for VIX options, as a consequence of the fact that the VIX index is not tradable. The
relationships, however, are observed between VIX options and the VIX futures.
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2.3 Definition of the VIX
Since the definition of the VIX is rather cumbersome, simplifications are adopted in the literature
to enable mathematical tractability. The convention is to approximate the square of the VIX by
the expected realised variance of the underlying index. The VIX at time t is often approximated
by
Vt ≈ 100×
√
ηt(τ)
∣∣∣
τ=30 days
. (2.9)
There are many different representations of the expected realised variance of a stochastic pro-
cesses, as illustrated in the forthcoming Chapter 3, and one of these representations is typically
chosen in the definition of the VIX. A consequence of defining the VIX in terms of expected
realised variance is that model assumptions are implicit in the definition. These model assump-
tions are fundamental to the origins of the VIX, however, the market definition of the VIX
at any fixed point in time is simply a function of observed market prices and is
independent of any previously made assumptions.
In this thesis, the VIX is defined in terms of European options. This is done to avoid
a potential loss in generality, since there are no implicit model assumptions associated with
such a definition. The definition is independent of any assumptions regarding a risk-neutral
measure and absence of arbitrage. Upon making certain assumptions regarding the underlying
index, a representation in terms of expected realised variance may be recovered, however, until
assumptions regarding the underlying index are made, such a representation does not hold.
The VIX at time t is defined based on the continuous-strike version of Equation (2.7) (which
is the forthcoming Equation (3.7)).
Remark 2.3.1. For the following definition, further assumptions are required to ensure that Vt
is well behaved. For example, out-of-the-money put options need to decay fast enough as k ↘ 0
to ensure that Vt does not explode. Additional assumptions are generally made to ensure that
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Vt is well defined.
Definition 2.3.1. For all T > t, let
Vˆt(T ) :=
√
N
T − t
∫ ∞
0
Θˆt(k, T ; Fˆt)
k2
dk, ∀ 0 ≤ t < T, (2.10)
where Fˆt is an index future at time t expiring at time T , Θˆt(k, T ; Fˆt) is an out-of-the-money
surface and N is a positive number representing a constant multiplier of the VIX. A different
N is chosen in each chapter depending on the context.
Definition 2.3.2. For all t ≥ 0 and for fixed τ∗ > 0, the VIX is given by
Vt := Vˆt(t+ τ
∗), ∀t > 0. (2.11)
Since τ∗ is a fixed constant throughout, there is no loss in generality incurred by suppressing it
as an argument to the process V .
Remark 2.3.2. The behaviour of Vˆt(T ) as T ↘ t is dependent on the behaviour of Θˆt(·, T ; Fˆt)
as T ↘ t. While being of mathematical importance, this limiting behaviour is not investigated
in this thesis, since the VIX is defined for fixed T > t.
Remark 2.3.3. A more general approach would be to define
Vˆt(T ) :=
√
N
T − t
∫ ∞
0
Θˆt(k, T ;Ft)
k2
m(dk), ∀ 0 ≤ t < T, (2.12)
where m is an unspecified measure so that a different measure could be chosen depending on
the specific application. In particular, to recover Definition 2.3.2 one would chose the Lebsegue
measure, whereas for a discrete-strike setup one could choose a simple counting measure.
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Chapter 3
Representations of Expected
Realised Variance
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3.1 Introduction
In the previous chapter, standard market and theoretical definitions were established. The
purpose of this chapter is to present key propositions regarding the different representations of
the expected realised variance of a process, in an effort to provide context to the definitions in
Chapter 2. Since the methodology implemented by the Chicago Board of Options Exchange
was motivated by theoretical developments in variance swap markets, it useful to examine the
literature on replicating variance swaps before discussing the VIX.
Neuberger (1990) was the first to publish non-parametric results on the valuation of vari-
ance swaps. Rather than assuming that the underlying followed a particular stochastic process,
Neuberger assumed that the underlying has continuous sample paths and finite quadratic vari-
ation. By considering a ‘log’ contract delta hedged in a Black-Scholes world, he showed that
the hedging error accumulates to the difference between the realised variance of the underlying
and the constant variance used in the hedge. At around the same time, Dupire (1993), who
was motivated by the recent developments in interest-rate modelling, independently derived the
same result and introduced forward variances as the calendar spread of two log contracts. Un-
like Neuberguer, however, Dupire observed that the log contract could be replicated using the
intuition of Breeden and Litzenberger (1978). Following Heath et al. (1992), Dupire modelled
the evolution of the term structure of variance and effectively created the first variance curve
model. The model can be used for the pricing of derivatives written on the path of an under-
lying and that of the realised variance of the same underlying. Building on previous works,
Carr and Madan (1998) developed robust replicating strategies for continuously-monitored vari-
ance swaps. The authors extended the intuition of Neuberger (1990) by explicitly providing the
static position required for replicating the log contract to generate exposure to volatility. The
authors showed that by combining the static position in options with a dynamic position in the
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underlying, payoffs related to realised variance alone can be achieved.
A significant development in the theory on realised variance occurred in Demeterfi et al.
(1999) and Britten-Jones and Neuberger (2000), where the concept of local volatility, originating
in Dupire (1994), was generalised to the non-deterministic volatility case. The generalisation
enabled the authors to price contingent claims that pay more complicated functions of realised
variance. The authors retained the assumption of continuity and finite quadratic variation.
Analogous results in a more general setting have since been derived by Jiang and Tian (2005)
and Carr and Wu (2009). Hobson and Klimmek (2012) studied variance swaps in the most
general setting. The assumptions of continuous monitoring and continuous price path were
relaxed and the authors derived bounds for the value of a variance swap.
The results of this chapter are primarily based on the results derived in Carr and Wu (2009).
The authors were concerned with the alternate representations of the expected realised variance
of a stochastic process,
ηt(τ) =
1
τ
EQ [ [lnF ]t+τ − [lnF ]t| Ft] ,
defined in Definition 2.1.13. Three fundamental quantities that are related to the above expres-
sion are presented and examined.
The remainder of the chapter is organised as follows. In Section 3.2, the most general result
regarding the definition of the VIX under the assumption of continuous monitoring is presented.
The result originated in Carr and Wu (2009) and is presented in Proposition 3.2.2. Under the
assumptions specified below, the proposition demonstrates that the expected realised variance
of a process can be represented as
ηt(τ) = −2
τ
EQ
[
ln
(
Ft+τ
Ft
)∣∣∣∣Ft] , (3.1)
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plus a term arising due to the presence of jumps in the underlying asset.
Section 3.3 is concerned with the representation in Equation (3.1) and it is essentially a
model-free result. The main contribution of the section is Proposition 3.3.3, which states an
equivalence relationship between the right-hand side of Equation (3.1) and European put and
call options. The representation forms the basis for the definition of the VIX. Proposition 3.3.3
also originated in Carr and Wu (2009). The proposition, as well as a more detailed version of
its proof, is included for completeness.
A proposition that connects expected realised variance to Black implied volatility is pre-
sented in Section 3.4. Since European put and call option prices are explicit functions of Black
implied volatility, it follows that expected realised variance is an explicit function of Black im-
plied volatility. Proposition 3.4.7 provides an explicit representation and originated in Carr
and Lee (2009). An original contribution is the proof of Lemma 3.4.9, which is required for
Proposition 3.4.7, but was previously stated as an assumption.
Sections 3.2-3.4 are concerned with the alternate representations of the expected realised
variance of a stochastic process. The results are mathematical in nature and are concerned with
equivalence relationships between conditional expectations, under a variety of different assump-
tions. The purpose of Section 3.5 is to discuss the financial interpretations and implications
of the previously derived mathematical results. The connections between the VIX and the ex-
pected realised variance of a process are stated, along with a discussion of some of the implicit
assumptions inherent in the definitions.
3.2 η in terms of Ft and Ft+τ
In this section, the expected realised variance of a process is represented as the expectation of
the logarithm of the process calculated at two points in time. Such a representation is a first
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step in providing an explanation of the CBOE VIX. A specific form for the dynamics of F are
assumed: the continuous component of F is very general, while a more specific form for the
jump component is chosen. The CBOE VIX is based on the component of realised variance that
is due to the continuous component of F and the market convention is to ignore the component
that arises due to jumps. A result analogous to that of Proposition 3.2.2 could be derived when
a more general form for the jump component is assumed, however, since the market convention
is to ignore the effect of the jumps, the assumed form for the jump component does not limit the
intended application. The reason for the form of the chosen dynamics is to remain consistent
with the literature. The situation would be different if the object of concern were variance swaps,
or if the reader were interested in assessing the affect of the market convention to ignore jumps.
For more information on the former, the reader is referred to Hobson and Klimmek (2012) and
Jarrow et al. (2013), and for the latter, the reader is reference to Jiang and Tian (2005).
Assumption 3.2.1. Let F be a strictly-positive stochastic process on the filtered probability
space (Ω,F ,F = (Fs)s≥t,Q) with dynamics given by
dFt = Ft−σt−dWQt +
∫
R\0
Ft−(ex − 1)[µ(dx, dt)− νt(dx)dt], (3.2)
where W is an F-adapted Brownian motion, the process σ is ca`dla`g with
∫ T
0
σ2t dt <∞, for 0 ≤ T <∞, Q− a.s.,
and µ is a random measure with
∫ T
0
∫
R\0
x2µ(dt, dx) <∞, Q− a.s..
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The measure ν compensates the jump process with
νt({0}) = 0, ∀t ≥ 0,
∫
R\0
exνt(dx) <∞ and
∫
R\0
(|x| ∧ 1)νt(dx) <∞, Q−a.s..
More details on the specification of the process may be found in Jacod and Shiryaev (1987).
Proposition 3.2.2. (Carr and Wu (2009)) Suppose that F is a process as specified in Assump-
tion 3.2.1. For fixed t ≥ 0 and for all τ > 0, let
ηCt (τ) := −
2
τ
EQ
[
ln
(
Ft+τ
Ft
)∣∣∣∣Ft] (3.3)
and
ηDt (τ) := −
2
τ
EQ
[∫
(t,t+τ ]
∫
R\0
[
ex − 1− x− x
2
2
]
νs(dx)ds
∣∣∣∣∣Ft
]
. (3.4)
Then the expected realised variance of F is given by
ηt(τ) = η
C
t (τ) + η
D
t (τ), ∀τ > 0, (3.5)
where ηC represents the component of η that is explained by the continuous dynamics of F and
ηD represents the component that arises due to jumps in F , with ηD identically equal to zero if
and only if F is continuous.
Proof. Let f(·) be C2(R+). By Ito’s Lemma for semimartingales
f(Ft+τ ) = f(Ft) +
∫
(t,t+τ ]
f ′(Fs−)dFs +
1
2
∫
(t,t+τ ]
f ′′(Fs−)d 〈F, F 〉s
+
∫
(t,t+τ ]
∫
R\0
{
f(Fs)− f(Fs−)− f ′(Fs−)(Fs − Fs−)
}
µ(ds, dx), (3.6)
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Applying Equation (3.6) to the function f(x) = ln(x),
ln(Ft+τ ) = ln(Ft) +
∫
(t,t+τ ]
1
Fs−
dFs − 1
2
∫
(t,t+τ ]
1
F 2s−
d 〈F, F 〉s
+
∫
(t,t+τ ]
∫
R\0
[
ln(Fs−ex)− ln(Fs−)− 1
Fs−
Fs−(ex − 1)
]
µ(ds, dx)
= ln(Ft) +
∫
(t,t+τ ]
1
Fs−
dFs − 1
2
∫
(t,t+τ ]
1
F 2s−
d 〈F, F 〉s
+
∫
(t,t+τ ]
∫
R\0
{x− ex + 1}µ(ds, dx).
Rearranging, adding and subtracting 12
∫
(t,t+τ ]
∫
R\0 x
2µ(ds, dx), and multiplying by 2/τ gives
1
τ
∫
(t,t+τ ]
1
F 2s−
d 〈F, F 〉s +
1
τ
∫
(t,t+τ ]
∫
R\0
x2µ(ds, dx)
= − 2
τ
∫
(t,t+τ ]
ln
(
Ft+τ
Ft
)
+−2
τ
∫
(t,t+τ ]
1
Fs−
dFs
− 2
τ
∫
(t,t+τ ]
∫
R\0
{
ex − 1− x− x
2
2
}
µ(ds, dx).
The conditional expectation of the second term on the right-hand side with respect to Ft is
zero by the martingale property of F . Taking conditional expectations with respect to Ft and
observing that the left-hand side is the expected quadratic variation of the logarithm of F over
the time period [t, t+ τ ] completes the proof.
3.3 ηC in terms of European Option Prices
In the previous section, an alternate representation of the expected realised variance of a stochas-
tic process was derived. The component that arises due to the continuous component of the
process was expressed in terms of two quantities: the expectation of the log of the process at a
given point in time and the log of the current value of the process. Such a representation serves
as a motivation for the following definition.
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Definition 3.3.1. Let F be a strictly-positive F-adapted process on the filtered probability
space (Ω,F ,F = (Fs)s≥t,Q), where the filtration is assumed to satisfy the usual conditions.
The component of the expected realised variance due to the continuous dynamics of F is defined
by
ηCt (τ) := −
2
τ
EQ
[
ln
(
Ft+τ
Ft
)∣∣∣∣Ft] .
Remark 3.3.1. It is emphasised that Definition 3.3.1 is motivated by the analysis in the previous
section, however, previously made assumptions regarding the process F are no longer assumed
to hold. Any strictly-positive F-adapted process F can be chosen such that the above definition
is well defined.
The purpose of this section is to represent ηCt (τ) in terms of European put and call options,
which is a result that forms the basis for the definition of the CBOE VIX. The forthcoming
Proposition 3.3.3 is a result that originated in Carr and Madan (1998) and the intuition of the
result can be traced back to Breeden and Litzenberger (1978), who represented the marginal
distribution of a stochastic process in terms of option prices. All previously stated assumptions
regarding the dynamics of the process are no longer required, as these are not necessary for
the forthcoming proposition. Minimal assumptions are made regarding the process F and the
results of this section are consequently very general.
Assumption 3.3.2. For fixed t ≥ 0 and for all τ > 0, Ct(·, τ) and Pt(·, τ) are two equivalent
surface skews that can be represented by F under Q, so that put-call parity is satisfied and F
is a Q martingale (see Definition 2.1.14).
The following proposition demonstrates equivalence between ηCt (τ) and European put and
call option prices.
Proposition 3.3.3. (Carr and Wu (2009)) Suppose that F is any stochastic process such that
ηCt as specified in Definition 3.3.1 is well defined and that Assumption 3.3.2 is satisfied. Then
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for fixed t ≥ 0, for all τ > 0 and E > 0,
ηCt (τ) =
2
τ
(
ln
(
Ft
E
)
+ 1− Ft
E
)
+
2
τ
∫ ∞
E
Ct(k, τ)
k2
dk +
2
τ
∫ E
0
Pt(k, τ)
k2
dk, (3.7)
The integral terms on the right-hand side of Equation (3.7) are finite as a consequence of
Lemma A.1.
Proof. Fix ω ∈ Ω. Since Ft+τ (ω) ∈ R+, ∀ω ∈ Ω, for f(s) = ln(s) and X = Ft+τ (ω), Lemma A.1
yields
ln(Ft+τ (ω)) = ln(E) +
1
E
(Ft+τ (ω)− E)
−
∫ ∞
E
(Ft+τ (ω)− k)+
k2
dk −
∫ E
0
(k − Ft+τ (ω))+
k2
dk.
Subtracting ln(Ft) from both sides, multiplying by −2/τ and simplifying,
−2
τ
ln
(
Ft+τ (ω)
Ft
)
=
2
τ
[
ln
(
Ft
E
)
+ 1− Ft+τ (ω)
E
+
∫ ∞
E
(Ft+τ (ω)− k)+
k2
dk +
∫ E
0
(k − Ft+τ (ω))+
k2
dk
]
.
Since ω is arbitrary the above equation holds for any ω ∈ Ω. Taking conditional expectations
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with respect to Ft and by Tonelli’s theorem
−2
τ
EQ
[
ln
(
Ft+τ
Ft
)∣∣∣∣Ft] = 2τ
(
ln
(
Ft
E
)
+ 1− Ft
E
)
+
2
τ
EQ
[∫ ∞
E
(Ft+τ − k)+
k2
dk
∣∣∣∣Ft]
+
2
τ
EQ
[∫ E
0
(k − Ft+τ )+
k2
dk
∣∣∣∣Ft]
=
2
τ
(
ln
(
Ft
E
)
+ 1− Ft
E
)
+
2
τ
∫ ∞
E
EQ ((Ft+τ − k)+| Ft)
k2
dk
+
2
τ
∫ E
0
EQ ((k − Ft+τ )+| Ft)
k2
dk
=
2
τ
(
ln
(
Ft
E
)
+ 1− Ft
E
)
+
2
τ
∫ ∞
E
Ct(k, τ)
k2
dk
+
2
τ
∫ E
0
Pt(k, τ)
k2
dk.
Observing that the left-hand side is equal to ηCt (τ) completes the proof.
Corollary 3.3.4. For fixed t ≥ 0 and for all τ > 0,
ηCt (τ) =
2
τ
∫ ∞
0
Θt(k, τ ;Ft)
k2
dk, (3.8)
where Θt(·, τ ;Ft) is a time-τ out-of-the-money surface skew at time t.
Proof. The result is a special case of Proposition 3.3.3 with E = Ft.
3.4 ηC in terms of Black Implied Volatility
In Section 3.3, the component of expected realised variance that is explained by the continuous
dynamics of a stochastic process was represented in terms of European put and call options. The
representation forms the basis of the VIX and serves as motivation for the following definition.
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Definition 3.4.1. For all t ≥ 0 and f > 0 let
I(t, f) :=
∫ ∞
0
Θt(k, τ ; f)
k2
dk =
∫ ∞
f
Ct(k, τ)
k2
dk +
∫ f
0
Pt(k, τ)
k2
dk,
where Θt(·, τ ; f) denotes a time-τ out-of-the-money surface skew at time t.
Remark 3.4.1. It is emphasised that Definition 3.4.1 is motivated by the analysis in the previous
section, however, previously made assumptions are no longer assumed to hold. This section
does not rely on the notion of a probability space, rather, the analysis is concerned with the
representation of deterministic functions.
Since option prices are one-to-one functions of Black implied volatilities, it follows that
one should be able to express ηC in terms of Black implied volatilities. The purpose of this
section is to present such a representation and the results are based on a proposition in Carr
and Lee (2009). An original contribution is the proof of Lemma 3.4.9, which is required for
Proposition 3.4.7, but was originally stated as an assumption in Carr and Lee (2009).
There are several advantages in representing the expected realised variance of a process in
terms of Black implied volatilities. A common convention is to quote option prices in terms
of their implied volatilities. Proposition 3.4.7 provides a representation that enables implied
volatility to be directly converted to a quantity that represents the VIX, without the need to
calculate the price of an option. Such a representation is therefore expected to increase efficiency
when calculating the CBOE VIX from market data. A more theoretical benefit is in connecting
two disjoint modelling approaches that appear in the literature. Schweizer and Wissel (2008)
provide a thorough analysis of a model for Black implied volatilities for fixed T > t and for all
k > 0. Corollary 3.4.7 provides a link between the literature on stochastic implied volatility and
the literature in which expected realised variance, or, depending on the exact definition chosen,
the VIX, is modelled directly. Since there are many well-documented complexities involved with
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stochastic implied volatility models, Corollary 3.4.7 might provide insights into the complexities
involved with modelling the VIX directly.
The following preliminary definitions and lemmas are standard. These are required to ensure
that integrals and limits remain well defined in the derivation of the main result. Similar
restrictions on the option surfaces could be made through probabilistic arguments, however,
since this section is simply concerned with the relationship between option surfaces and implied
volatilities, the restrictions are made on the surfaces without reference to any probability space.
Definition 3.4.2. (Cox and Hobson (2005)) For any f > 0, let
c : R+ ×R+ → R+
(k, τ) 7→ c(k, τ ; f).
If c satisfies the conditions:
(A1) c(·, τ) is a convex function, ∀τ > 0 (Convexity in k),
(A2) c(·, τ) is non-increasing, ∀τ > 0 (Monotonicity in k),
(A3) c(k, ·) is non-decreasing, ∀k > 0 (Monotonicity in τ) ,
(A4) limk→∞ c(k, τ) = 0, ∀τ > 0 (Large-strike limit),
(A5) (f − k)+ ≤ c(k, τ) ≤ f, ∀k, τ > 0 (Bounds), and
(A6) c(k, 0) = (f − k)+, ∀k > 0 (Expiry),
then it is referred to as being free from static arbitrage. A put surface is said to be free from
static arbitrage if the corresponding call surface is free from static arbitrage. An out-of-the-
money surface is said to be free from static arbitrage if both the call and put surfaces used in
its definition are free from static arbitrage.
Assumption 3.4.3. The limit as k ↘ 0 of an out-of-the-money surface is well behaved, that
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is,
lim
k↘0
Θt(k, τ ; f)
k
= 0.
Lemma 3.4.4. (Roper (2010)) For a call surface that is free of static arbitrage, the limit of the
corresponding implied volatility function as k ↘ 0 is bounded.
Lemma 3.4.5. (Lee (2004)) For a call surface that is free of static arbitrage, for fixed t ≥ 0
there exists a k∗, such that for k > k∗
Σt(k, τ, f) ≤
√
2 ln(k/f)/τ .
For notational convenience the following definition is introduced.
Definition 3.4.6. Let
dˆ : R+ → R,
k 7→ d−(ln(k/f),Σt(ln(k/f), τ, f)
√
τ).
The following proposition that relates the expected realised variance of a process to Black
implied volatilities.
Proposition 3.4.7. For fixed t ≥ 0 and τ > 0 suppose that Θt(·, τ ; f) is an out-of-the-money
surface that is free from static arbitrage, in the sense of Definition 3.4.2, and satisfies Assump-
tion 3.4.3. Let Σt(·, τ, f) denote the Black implied volatility that corresponds to Θt(·, τ ; f) and
assume that Θt(·, τ ; f) is a differentiable function. Then
I(t, f) =
∫ ∞
−∞
φ(y)Σ2t (dˆ
−1(y), τ, f) dy.
Proof. The proof of Proposition 3.4.7 depends on two key lemmas, which are stated below. In
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Lemma 3.4.8, an integral representation for the expected realised variance of a process in terms
of Black implied volatilities is stated. Lemma 3.4.9 and the implicit function theorem imply that
dˆ−1(·) exists. Changing the integration variable to y = dˆ(x) in the forthcoming Equation (3.9)
completes the proof.
The following two lemmas are required for the proof of Proposition 3.4.7. An original con-
tribution is the proof of Lemma 3.4.9, which was originally stated as an assumption in Carr and
Lee (2009).
Lemma 3.4.8. (Carr and Lee (2009)) For fixed t ≥ 0 and for all τ > 0, suppose that Θt(·, τ ; f)
is an out-of-the-money surface that is free from static arbitrage and satisfies Assumption 3.4.3.
Let Σt(·, τ, f) denote the Black implied volatility that corresponds to Θt(·, τ ; ) and assume that
Θt(·, τ ; f) is a differentiable function. Then
I(t, f) = −
∫ ∞
0
φ(dˆ(k))Σ2t (k, τ, f)
∂dˆ
∂k
(k) dk. (3.9)
Proof. For notational convenience, let C(·), P (·) and Σ(·) denote the functions Ct(·, τ), Pt(·, τ)
and Σt(·, τ, f), and let gx denote the partial derivative of any function g with respect to the
variable x.
Recall that
I(t, f) =
∫ ∞
f
C(k)
k2
dk +
∫ f
0
P (k)
k2
dk.
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Integration by parts implies that
I(t, f) =
∫ ∞
f
Ck(k)
k
dk +
∫ f
0
Pk(k)
k
dk − C(k)
k
∣∣∣∣k=∞
k=f
− P (k)
k
∣∣∣∣k=f
k=0
=
∫ ∞
f
Ck(k)
k
dk +
∫ f
0
Pk(k)
k
dk − lim
k→∞
(
C(k)
k
)
+
C(f)
f
− P (f)
f
+ lim
k→0
(
P (k)
k
)
=
∫ ∞
f
Ck(k)
k
dk +
∫ f
0
Pk(k)
k
dk, (3.10)
where C(f)=P (f) by the definition of equivalent surfaces (see Equation (2.3)),
limk→∞ [C(k)/k] = 0 by Condition (A4) of Definition 3.4.2 and limk→0 [P (k)/k] = 0 by As-
sumption 3.4.3. Probabilistic arguments could be used to show that the second limit is suitably
well behaved, however, these are avoided as the notion of a probability space is not required for
this section.
Differentiating the Black formula with respect to k and by the definition of Black implied
volatility (see Definition 2.1.8 and Definition 2.1.12),
Ck(k) = −Φ(dˆ(k)) + φ(dˆ(k))kΣk(k)
√
τ
Pk(k) = Φ(−dˆ(k)) + φ(dˆ(k))kΣk(k)
√
τ .
(3.11)
Substituting Equation (3.11) in Equation (3.10) implies that
I(t, f) =
∫ ∞
f
1
k
(
−Φ(dˆ(k)) + φ(dˆ(k))kΣk(k)
√
τ
)
dk
+
∫ f
0
1
k
(
Φ(−dˆ(k)) + φ(dˆ(k))kΣk(k)
√
τ
)
dk
= −
∫ ∞
f
1
k
Φ(dˆ(k))dk +
∫ f
0
1
k
Φ(−dˆ(k))dk +
∫ ∞
0
φ(dˆ(k))Σk(k)
√
τ dk. (3.12)
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Integrating the first and second term in Equation (3.12) by parts,
I(t, f) = − ln kΦ(dˆ(k))
∣∣∣∞
f
+ ln kΦ(−dˆ(k))
∣∣∣f
0
+
∫ ∞
0
ln(k)φ(dˆ(k))dˆk(k)dk
+
∫ ∞
0
φ(dˆ(k))Σk(k)
√
τ dk.
To evaluate the boundary values in the above expression, consider the limsup of the function
ln kΦ(dˆ(k)). On the domain k > f ,
0 ≤ lim sup
k→∞
[
ln kΦ(dˆ(k))
]
= lim sup
k→∞
[
ln kΦ
(
− ln(k/f)
Σ(k)
√
τ
− Σ(k)
√
τ
2
)]
≤ lim sup
k→∞
[
ln kΦ
(
−[2 ln(k/f)]1/2
)]
= lim sup
x→∞
[(
x2 + ln(f)
)
Φ(−x
√
2)
]
= lim sup
x→∞
[
x3
√
2φ
(
−x
√
2
)]
= 0,
by Lemma 3.4.5 and l’Hoˆpital’s rule. The second limit is evaluated by observing that
lim
k→0
[
ln kΦ(−dˆ(k))
]
= lim
k→∞
[
ln kΦ(dˆ(k))
]
= 0.
Therefore,
I(t, f) = ln (f) +
∫ ∞
0
ln k φ(dˆ(k))dˆk(k)dk +
∫ ∞
0
φ(dˆ(k))Σk(k)
√
τ dk.
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Integrating the last term by parts,
I(t, f) = ln (f) +
∫ ∞
0
ln k φ(dˆ(k))dˆk(k)dk
+ φ(dˆ(k))Σ(k)
√
τ
∣∣∣∞
0
+
∫ ∞
0
φ(dˆ(k))dˆ(k)dˆk(k)Σ(k)
√
τ dk
= ln (f) +
∫ ∞
0
ln k φ(dˆ(k))dˆk(k)dk +
∫ ∞
0
φ(dˆ(k))dˆ(k)dˆk(k)Σ(k)
√
τ dk
= ln (f) +
∫ ∞
0
φ(dˆ(k))dˆk(k)[ln k + dˆ(k)Σ(k)
√
τ ]dk
= ln (f) +
∫ ∞
0
φ(dˆ(k))dˆk(k)
[
ln(f)− 1
2
Σ2(k)τ
]
dk
= − 1
2
∫ ∞
0
φ(dˆ(k))dˆk(k)Σ
2(k)τdk, (3.13)
where
lim
k→0
[
φ(dˆ(k))Σ(k)
√
τ
]
= lim
k→∞
[
φ(dˆ(k))Σ(k)
√
τ
]
= 0,
by the strict positivity of Σ(·), Lemma 3.4.4 and Lemma 3.4.5. To obtain the result in Equa-
tion (3.9), multiply Equation (3.13) by 2/τ .
Lemma 3.4.9. For all τ > 0, suppose that Σt(·, τ, f) is a differentiable function. Then dˆ(·) as
stated in Equation 3.4.6 is a strictly decreasing function.
Proof. For all τ > 0, let Σ˜(x) := Σt(fe
x, τ, f)
√
τ , ∀x ∈ R, and write d±(x) := d±(x, Σ˜(x)).
Observe that
∂dˆ
∂k
(k) < 0, ∀k > 0, ⇐⇒ ∂d−
∂x
(x) < 0, ∀x ∈ R.
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Now,
∂d−
∂x
(x) = − 1
Σ˜(x)
+
xΣ˜x(x)
Σ˜2(x)
− Σ˜x(x)
2
= − 1
Σ˜(x)
[
1 + Σ˜x(x)
(
− x
Σ˜(x)
+
Σ˜(x)
2
)]
= − 1
Σ˜(x)
[
1 + Σ˜x(x)d+(x)
]
.
The first derivative Σ˜x of implied volatility is bounded above and below by Mill’s ratio (see Lee
(2005))
−M(d+(x)) ≤ Σ˜x(x) ≤M(−d−(x)),
where
M(y) :=
1− Φ(y)
φ(y)
, ∀y ∈ (0,∞),
and M(y) < 1/y for all y ∈ (0,∞). Consider the case when d+(x) > 0:
∂d−
∂x
(x) = − 1
Σ˜(x)
[
1 + Σ˜x(x)d+(x)]
]
≤ − 1
Σ˜(x)
[1−M(d+(x))d+(x)]
< − 1
Σ˜(x)
[
1− 1
d+(x)
d+(x)
]
= 0.
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Similarly, consider the case when d+(x) < 0:
∂d−
∂x
(x) = − 1
Σ˜(x)
[
1− Σ˜x(x)(−d+(x))
]
≤ − 1
Σ˜(x)
[1−M(−d−(x))(−d+(x))]
< − 1
Σ˜(x)
[
1− 1−d−(x)(−d+(x))
]
< − 1
Σ˜(x)
[
1− d+(x)
d−(x)
]
< 0,
since d−(x) < d+(x) < 0. The result is trivially true for the case d+(x) = 0.
3.5 Connection to the VIX
The previous three sections were concerned with the expected realised variance of a stochastic
process under a variety of different assumptions. The results were purely mathematical in
nature and no financial context was provided. In Section 3.2, it was shown that expected
realised variance can be expressed in terms of the conditional expectation of the logarithm of
the process, while in Section 3.3, an equivalence relationship between the conditional expectation
of the logarithm of the process and an integral of option prices was presented. Section 3.4 was
concerned with the integral representation in terms of option prices derived in Section 3.3. The
notion of a probability space was not required, rather, simple functional relationships were used
to show an equivalent representation in terms of Black implied volatilities.
The purpose of this section is to discuss the financial interpretations and implications of
the previously derived mathematical results. The market definition of the CBOE VIX (see
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Definition 2.2.1 for more details),
V˜ IX
mrk
t (T ) :=
√√√√√
2er(T−t)
T − t
∑
j∈I
Θj
∆kj
k2j
− 1
T − t
(
FPCP
k0
− 1
)2× 100,
is based on the representation of the expected realised variance of a process in terms of European
put and call option prices. The term arising due to jumps in the underlying index is omitted
from the definition. More precisely, the CBOE VIX is a discretised and truncated version of the
square root of Equation (3.7),
√
ηCt (τ) =
√
2
τ
(
ln
(
f
E
)
+ 1− f
E
)
+
2
τ
∫ ∞
E
Ct(k, τ)
k2
dk +
2
τ
∫ E
0
Pt(k, τ)
k2
dk,
where the process F represents the underlying index and with E = k0. The term
1
T − t
(
FPCP
k0
− 1
)2
is obtained through a Taylor-series expansion of the logarithm function in
2
τ
(
ln
(
f
E
)
+ 1− f
E
)
.
Details on some of the numerical technicalities involved in the calculation of the VIX may be
found in the CBOE (2009) white paper.
Despite claiming to provide a measure of the markets’ expectation of volatility over a 30-day
period,
1√
T − t E
Q
[∫ T
t
σs ds
∣∣∣∣Ft] ,
Definition 2.2.1 is in fact an approximation of the square root of markets’ expectation of realised
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variance over a 30-day period,
√
1
T − t E
Q
[∫ T
t
σ2s ds
∣∣∣∣Ft].
The question of whether the CBOE VIX is a good measure for the expected realised variance
of the underlying index has received much attention in the literature. In fact, several authors
propose alternate definitions for the VIX, which they claim provide a better measure of the
markets’ expectation of uncertainty. Examples include Martin (2013) and Liu (2013), who were
motivated by issues such as the error that arises due to omitting the jump term and the fact that
too much emphasis is placed on out-of-the-money put options in the calculation of the VIX. It
is emphasised that the starting point of the forthcoming analysis is the definiton of VIX, rather
than the expected realised variance of an underlying index. The question of whether the VIX is
a good measure of the markets’ expectation of uncertainty is clearly of interest, however, since
the VIX is taken to be a definition and is not a derived quantity, it is somewhat irrelevant in
the context of this thesis.
The theoretical definition of the VIX (Definition 2.3.2),
√
N
τ∗
∫ ∞
0
Θˆt(k, τ∗; f)
k2
dk,
is based on the expected realised variance of an underlying index with continuous sample paths.
Since the market definition of the CBOE VIX ignores the term that arises due to jumps in the
underlying index, such an assumption does not result in a loss of generality. It is stressed that
this is a matter of market convention and is not a model assumption. The definition does not
imply that the VIX is a continuous process, since no assumptions have been made regarding the
option price processes.
42
Proposition 3.3.3 illustrates that the continuous component of expected realised variance can
be expressed in terms of European put and call option prices. The result only relies on results
from integration theory and the assumption that option prices can be expressed as conditional
expectations under some pricing measure. The representation is almost a model-free result,
however, it does not imply equivalence between the VIX squared and ηCt (τ
∗). In the event that
the underlying index process is a strict local martingale, as opposed to a true martingale, for
example, the representation may no longer hold. A comprehensive discussion of option pricing
in the presence of bubbles is provided in Cox and Hobson (2005), which would be a good starting
point for the study of the VIX when the index is assumed to be a strict local martingale.
In the literature, the VIX squared is often treated as a linear combination of European puts
and calls. For example, Lin (2013) stated that the VIX squared is replicable by a portfolio
of options and can thus be treated as a tradeable asset. Such a claim is invalid due to the
nonlinear presence of the futures price in the definition of the VIX. The futures price appears
in the squared term in Equation (2.8), the log function in Equation (3.7), or in the limits of
integration in Equation (3.8). The analysis in the forthcoming Section 5.3 illustrates that the
square of the VIX cannot typically be treated as a martingale under the pricing measure used
to price derivatives on the index. In the framework of Buehler (2006), the market is assumed
to contain liquidly traded variance swaps. The starting point of the analysis is to specify the
dynamics under some pricing measure, such that all traded assets are local martingales. Without
the introduction of additional assets or additional assumptions, as done by Buehler (2006) for
variance swaps, it is invalid to simply claim that the VIX squared is a martingale under the
same measure used to price derivatives on the index.
43
3.6 Conclusion
In this section, a brief review of the literature on the replication of realised variance was presented
in an attempt to provide context to the definition of the VIX. Three main representations were
presented. The first representation involved specifying dynamics for the process, while the
remaining two were based on rather general assumptions. It was shown that the VIX squared is
based on a representation of the expected realised variance of the underlying index that is due
to the continuous component of the dynamics of the index. The final representation illustrates
that the expected realised variance of the index can be expressed in terms of Black implied
volatilities, a result that has implications with regard to the numerical setup of the VIX and
subtleties regarding potential modelling complexities.
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Chapter 4
Modelling VIX and Equity
Derivatives Using a 3/2 plus Jumps
Model
This chapter is a reorganised version of the publication J. Baldeaux and A. Badran. Consistent
modelling of VIX and equity derivatives using a 3/2 plus jumps model. Applied Mathematical
Finance, 58:38–62, 2014.
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In this chapter, a 3/2 model stochastic volatility model is employed for the pricing of VIX and
equity derivatives. The results demonstrate that a pure-diffusion 3/2 model is able to capture the
observed upward-sloping implied volatility skew in VIX options. This observation contradicts
a common perception that jumps are required to capture empirically observed features in both
VIX and equity implied volatility surfaces. The pure-diffusion model, however, struggles to
reproduce the smile in the implied volatilities of short-term index options. The pronounced
implied volatility smile produces artificially inflated fitted parameters, resulting in unrealistically
high VIX option implied volatilities. To remedy these shortcomings jumps are introduced. The
resulting model is able to better fit short-term index option implied volatilities, while producing
more realistic VIX option implied volatilities, without a loss in tractability.
4.1 Introduction
In this chapter, the joint modelling of VIX and equity derivatives is considered when the un-
derlying index is assumed to follow a 3/2 process (Carr and Sun (2007); Heston (2012); Itkin
and Carr (2010); Lewis (2000)) with jumps in the index only (henceforth called the 3/2 plus
jumps model). The model presented here is more parsimonious than competing models from its
class; it is able to accurately capture the joint dynamics of VIX and equity derivatives, while
retaining analytic tractability. In related literature, the model has been used in the context of
pricing target volatility fund derivatives in Meyer-Dautrich and Vierthauer (2011).
The selection of a 3/2 model for the underlying index is motivated by several observations in
recent literature. There is both empirical and theoretical evidence suggesting that the 3/2 model
is a suitable candidate for modelling instantaneous variance. Bakshi et al. (2006) conducted an
empirical study on the time-series properties of instantaneous variance by using S&P100 implied
volatilities as a proxy. The authors found that a linear drift was rejected in favour of a non-
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linear drift and estimated that a variance exponent of approximately 1.3 was required to fit the
data. In a separate study, Carr and Sun (2007) proposed a new framework for pricing variance
swaps and were able to support the findings of Bakshi et al. (2006) using a purely theoretical
argument. The excellent results obtained by Drimus (2012), who employed the 3/2 model to
price realized-variance derivatives, further encourages the application of the 3/2 framework to
VIX derivatives. Despite having a qualitative advantage over other stochastic volatility models
(Drimus (2012)), the 3/2 model, or any augmented version of this model, has yet to be applied
to the pricing of VIX and equity derivatives. The final motivating factor is the claim that jumps
must be included in the dynamics of the underlying index to capture the upward-sloping implied
volatility skew of VIX options (Sepp (2008)).
In related literature, the only mention of the 3/2 model in the context of VIX derivatives is
in Goard and Mazur (2013), where the problem is approached from the perspective of directly
modelling the VIX. Closed-form solutions are found for VIX derivatives under the assumption
that the VIX follows a 3/2 process. In this chapter a different approach is adopted. Rather than
specifying dynamics for the VIX directly, the dynamics of the underlying index are specified and
an expression for the VIX is derived. The approach is markedly different from that of Goard and
Mazur (2013). Connections between the underlying index dynamics and the VIX are addressed
directly and the model lends itself to a more intuitive interpretation.
The main contribution of this chapter is the derivation of quasi-closed-form solutions for the
pricing of VIX derivatives under the assumption that the index follows the 3/2 model. The
newly-found solutions retain the analytic tractability enjoyed by those found in the context of
realized-variance products (Drimus (2012)). The formulae allow for a numerical analysis to be
performed to assess the appropriateness of the 3/2 framework for the modelling of VIX and equity
derivatives. The analysis demonstrates the pure-diffusion 3/2 model is capable of producing
the commonly observed upward-sloping skew for VIX options, which contradicts the previously
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made claims that pure-diffusion stochastic volatility models cannot capture empirically observed
features of VIX and equity derivatives (Sepp (2008)). This desirable property distinguishes the
3/2 model from competing pure-diffusion stochastic volatility models. The 3/2 model is then
compared to the Heston model and it is shown that the latter produces downward-sloping implied
volatilities for VIX options, whereas the former produces upward-sloping implied volatilities for
VIX options.
Pure-diffusion volatility models, however, fail to capture features of implied volatility in
equity options for short maturities (Gatheral (2006)). To remedy this shortcoming jumps are
introduced in the underlying index. The resulting 3/2 plus jumps model is then studied in detail.
First, by following the approach used for the pure-diffusion 3/2 model, the conditions that ensure
that the discounted stock price is a martingale under the pricing measure are derived. In related
literature, Bayraktar et al. (2012), Drimus (2012), Lewis (2000) and Mijatovic´ and Urusov (2012)
provide analogous results for pure-diffusion processes, which are based on Feller explosion tests
(Karatzas and Shreve (1991)). Klebaner and Lipster (2014) more recently examined processes
that included jumps.
The joint Fourier-Laplace transform of the logarithm of the index and the realized variance,
which allows for the pricing of equity and realized-variance derivatives, are then derived. The
3/2 model is not affine, however, the joint Fourier-Laplace transform is exponentially affine in
the logarithm of the stock price, which allows for the simultaneous pricing of equity options
across many strikes via the use of the Fourier-Cosine expansion method of Fang and Osterlee
(2008). Such a finding significantly speeds up the calibration procedure. The approach used in
this chapter is not restricted to the 3/2 plus jumps model and can be extended to a more general
setting1. In fact, the approach is used to obtain a closed-form solution for VIX options in the
1The method is applicable to all conditionally-Gaussian stochastic volatility models for which the Laplace
transform of realized variance is known explicitly.
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stochastic volatility plus jumps (SVJ) model, see Bates (1996), resulting in a small extension of
the stochastic-volatility pricing formula presented in Lian and Zhu (2013).
The remainder of this chapter is structured as follows. In Section 4.2, the pure-diffusion 3/2
model is introduced and the empirical result is presented that illustrates that the model is able
to capture the joint characteristics of VIX and equity options. The pure-diffusion 3/2 model is
compared to the Heston model to highlight the difference in shape of the VIX implied volatilities.
The 3/2 plus jumps model is then considered. The model is introduced in Section 4.3 and the
conditions that ensure that the discounted stock price is a martingale under an assumed pricing
measure are established. Characteristic functions for the logarithm of the index and the realized
variance are then derived. Finally, quasi-analytic formulae for call and put options on the VIX
are derived. Conclusions are stated in Section 4.6.
4.2 Pure-Diffusion 3/2 Model Applied to the VIX
In this section, the pure-diffusion 3/2 model is introduced and numerical results are presented
to illustrate that the model is able to produce upward-sloping implied volatility skews in VIX
options. A multiplier of N = 2×1002 and a day count of τ∗ = 30/365 is chosen in the definition
of the VIX, that is,
Vt =
√
2
τ∗
∫ ∞
0
Θt(k, τ∗;Ft)
k2
dk × 100. (4.1)
The reason for this choice is to enable for the model to be compared with market data.
On the filtered probability space (Ω,F ,F = (Fs)s≥t,Q), assume that the risk-neutral dy-
namics for the index and the variance processes are given by
dSt = St
(
rdt+ ρ
√
XtdW
1
t +
√
1− ρ2
√
XtdW
2
t
)
, (4.2)
dXt = κXt(θ −Xt)dt+ (X3/2t )dW 1t , (4.3)
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starting at S0 > 0 and X0 > 0 respectively, where W =
(
W 1 , W 2
)
is a two-dimensional
Brownian motion under the risk-neutral measure. All stochastic processes are adapted to a
filtration (Ft)t∈[0,T ∗] that satisfies the usual conditions with F0 being the trivial sigma field.
Furthermore, r denotes the constant risk-free interest rate and ρ the instantaneous correlation
between the return on the index and the variance process. As per usual, ρ satisfies −1 ≤ ρ ≤ 1
and κ, θ, and  are assumed to be strictly positive. Unlike the Heston model, the above model
has a non-linear drift. The speed of mean reversion is not constant, as is the case for the Heston
model, but is now a stochastic quantity and is proportional to the instantaneous variance.
Existence and uniqueness of solutions to Equation (4.3) are a consequence of the fact that it is
the reciprocal of a Cox-Ingersoll-Ross model, which is a type of Bessel-squared process. A more
detailed discussion regarding the nature of the solutions to Equation (4.2) and Equation (4.3)
is provided in Lewis (2000), Carr and Sun (2007) and Drimus (2012).
The relationship between an index and a future on the index is well known. The reason that
the index is the object of concern in this section is to enable a comparison to market data. The
index at time t and an index future at time t that expiries at time t+ τ , denoted by St and Ft,
respectively, satisfy
Ft := Ste
rτ , (4.4)
for all t ≥ 0 and τ > 0.
The following lemma is required to obtain an expression for the VIX in terms of the under-
lying index.
Lemma 4.2.1. The discounted stock price S¯t = Ste
−rt is a martingale under Q, if and only if
κ− ρ ≥ −
2
2
. (4.5)
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Proof. See Equation (4) in Drimus (2012).
Corollary 4.2.2. If the dynamics of the underlying index are given by Equation (4.2) and
Equation (4.3), with the parameters satisfying Equation (4.5), then the VIX can be written as
Vt =
√
− 2
τ∗
EQ
[
ln
(
St+τ∗
Sterτ
∗
)∣∣∣∣Ft]× 100 , (4.6)
where τ∗ = 30365 .
Proof. The proof is an immediate consequence of Equation (4.4), Corollary 3.3.4, Proposi-
tion 3.2.2 and the fact that the underlying process is not a strict-local martingale, which is
a consequence of Lemma 4.2.1. The importance of Lemma 4.2.1 is discussed in Section 3.5.
Chapter 3 provides more details regarding the relationship between the VIX squared and the
expected realised variance of a process.
Empirically observed VIX option implied volatilities exhibit a positive volatility skew, as
stated in Sepp (2011). The author asserts that “SV [stochastic volatility models] without jumps
are not consistent with the implied volatility skew observed in options on the VIX...” and that
“...only the SV [stochastic volatility] model with appropriately chosen jumps can fit the implied
VIX skew”. To assess these statements, implied volatilities under the pure-diffusion 3/2 model
are calculated.
In order to provide the reader with parameters that are verifiable, the parameters provided
in Drimus (2012) for realized-variance derivatives are considered. Using the forthcoming Propo-
sition 4.5.2 and the parameters
X0 = 0.2450
2 , κ = 22.84 , θ = 0.46692 ,  = 8.56 , and ρ = −0.99 ,
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VIX options for T = 3 months and T = 6 months are priced. For each option and corresponding
futures contract, Definition 2.1.12 is used to calculate implied volatilities as a function of strike.
The positive skew of the implied volatility of VIX options is shown in Figure 4.1, for maturities
T = 3 months and T = 6 months, demonstrating that the dynamics of the pure-diffusion 3/2
model are in fact rich enough to fit the implied VIX skew. These observations support the
findings of Bakshi et al. (2006), Carr and Sun (2007) and Drimus (2012) that suggest that the
3/2 model is a good candidate for the pricing of volatility derivatives.
The results produced by the 3/2 model are now compared to the Heston model, which is
commonly used for the pricing VIX derivatives (Lian and Zhu (2013); Sepp (2008); Zhang and
Zhu (2006); Zhu and Lian (2012)). A priori this seems to be a fair comparison. Both are
stochastic volatility models, have the same number of parameters, and enjoy the same level of
analytical tractability. To compute VIX option prices and the corresponding implied volatilities
the pricing formula provided by Lian and Zhu (2013) is used, see their Proposition 3. Again,
the parameters obtained in Drimus (2012) for the Heston model,
X0 = 0.2556
2 , κ = 3.8 , θ = 0.30952 ,  = 0.9288 , and ρ = −0.7829 ,
are considered. The result is shown in Figure 4.2. Unlike for the 3/2 model, the implied
volatilities are downward sloping, which is not consistent with market data.
4.3 The 3/2 plus Jumps Model
The previous section illustrated that the pure-diffusion 3/2 model is capable of capturing the
upward-sloping features of VIX option implied volatilities. Pure diffusion volatility models,
however, fail to capture features of equity implied volatility for short expirations. To demonstrate
this fact, the pure-diffusion 3/2 model is calibrated to short-maturity S&P500 option data from
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Figure 4.1: Implied volatilities of call options on the VIX using the 3/2 model parameters obtained in
Drimus (2012) with T = 3 months (top) and T = 6 months (bottom).
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Figure 4.2: Implied volatilities of call options on the VIX using the Heston model parameters obtained
in Drimus (2012) with T = 3 months (top) and T = 6 months (bottom).
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the 8th March 2012. In Figure 4.3, implied volatilities for S&P500 options with a maturity of 9
days and VIX options with a maturity of 44 days are presented. The data set clearly exhibits
a volatility smile. The pure-diffusion 3/2 model is able to capture the negative skew, however,
it struggles to capture the smile. Moreover, the pronounced volatility smile produces artificially
inflated fitted parameter values, resulting in unrealistically high VIX implied volatilities.
In order to obtain better fit for short expirations the model is extended to allow for jumps
in the underlying index. Consider the dynamics
dSt = St−
(
(r − λµ¯)dt+ ρ
√
XtdW
1
t +
√
1− ρ2
√
XtdW
2
t + (e
ξj − 1)dNt
)
, (4.7)
dXt = κXt(θ −Xt)dt+ (X3/2t )dW 1t , (4.8)
where N denotes an F-adapted Poisson process with constant rate λ and eξj denotes the relative
size of the jth jump in the stock. The distribution of ξj , j = 1, 2, ..., ξNt− , are assumed to be
independent and normal with mean µ and variance σ2. The parameters µ, µ¯, and σ satisfy the
following relationship
µ = log(1 + µ¯)− 1
2
σ2 .
All other stochastic processes and parameters were introduced in Section 4.2. Integrating Equa-
tion (4.7) yields
St = S˜t
Nt∏
j=1
eξ˜j (4.9)
where
S˜t = S0 exp
(
(r − λµ¯)t− 1
2
∫ t
0
Xsds+ ρ
∫ t
0
√
XsdW
1
s +
√
1− ρ2
∫ t
0
√
XsdW
2
s
)
, (4.10)
and ξ˜j is used to denote the logarithm of the relative jump size of the j
th jump. Since the model
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Figure 4.3: Fit of the 3/2 model to 9 day S&P500 implied volatilities (top) and 44 day VIX implied
volatilities (bottom) on 8 March, 2012. Model parameters obtained  = 70.56, X0 = 0.19
2, κ = 30.84,
θ = 0.482, ρ = −0.55.
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presented in Equation (4.7) and Equation (4.8) is not affine, a convenient starting point for the
analysis of the model is Equation (4.9). In particular, one can now determine if the discounted
stock price is a martingale under the assumed pricing measure.
Proposition 4.3.1. Let S and X be given by Equation (4.7) and Equation (4.8) respectively.
Then the discounted stock price S¯t =
St
ert is a martingale under Q, if and only if
κ− ρ ≥ −
2
2
. (4.11)
Proof. Compute
EQ
[
S¯T
∣∣Ft] = S¯tEQ [exp(−1
2
∫ T
t
Xsds+ ρ
∫ T
t
√
XsdW
1
s +
√
1− ρ2
∫ T
t
√
XsdW
2
s
)∣∣∣∣Ft]
× EQ
 NT∏
j=Nt+1
eξ˜j
∣∣∣∣∣∣Ft
 e−λµ(T−t)
= S¯tEQ
[
exp
(
−1
2
∫ T
t
Xsds+ ρ
∫ T
t
√
XsdW
1
s +
√
1− ρ2
∫ T
t
√
XsdW
2
s
)∣∣∣∣Ft] .
(4.12)
Equation (4.12) is clearly independent of the jump component of S. Hence S¯ is a martingale
under Q if and only if the corresponding discounted pure-diffusion model, S˜t e
λµ¯t
ert , is a martingale
under Q. Since the question was answered in Drimus (2012), see his Equation (4), the desired
result follows.
Remark 4.3.1. Starting with Sin (1998), there has been a growing body of literature dealing with
the question of whether the discounted stock price in a particular stochastic volatility model is a
martingale or a strict local martingale under the pricing measure, examples include Lewis (2000),
Andersen and Piterbarg (2007), Bayraktar et al. (2012), and Mijatovic´ and Urusov (2012). The
specification of the model allows existing results, which were all formulated for pure diffusion
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processes, to be applied to models that allow for jumps in the underlying index.
Corollary 4.3.2. If the dynamics of the underlying index are given by Equation (4.7) and
Equation (4.8), with the parameters satisfying Equation (4.11), then the VIX can be written as
Vt =
√
− 2
τ∗
EQ
[
ln
(
St+τ∗
Sterτ
∗
)∣∣∣∣Ft]× 100 , (4.13)
where τ∗ = 30365 .
Proof. The proof is identical to that of Corollary 4.2.2, that is, it is an immediate consequence
of Equation (4.4), Corollary 3.3.4, Proposition 3.2.2 and the fact that the underlying process is
not a strict-local martingale, which is a consequence of Proposition 4.3.1.
The condition stated in Equation (4.11) is the same as the one presented in Drimus (2012).
Besides analyzing the martingale property of the model presented in Equation (4.7) and Equa-
tion (4.8), functionals are also computed, which are required for the pricing of VIX and equity
derivatives.
4.4 Equity and Realized-Variance Derivatives
In this section formulae for the pricing of equity and realized-variance derivatives under the 3/2
plus jumps model are derived. Numerical results demonstrate that by including jumps in the
model a better fit to the short-term smile can be obtained, without incurring a loss in analytic
tractability. Let
Yt := log(St) , t ≥ 0 ,
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and define realized variance as the quadratic variation of Y , i.e.
RVT :=
∫ T
0
Xsds+
NT∑
j=1
(ξ˜j)
2 , T ≥ 0 ,
where RVT denotes realized variance and T denotes the maturity of interest. The following
result is the analogue of Proposition 2.2 in Drimus (2012).
Proposition 4.4.1. Let u ∈ R and l ∈ R+. In the 3/2 plus jumps model, the joint Fourier-
Laplace transform of YT and (RVT −RVt) is given by
EQ [ exp (iuYT − l(RVT −RVt))| Ft] = exp (iu (Yt + (r − λµ)(T − t))) Γ(γ − α)
Γ(γ)
(
2
2y(t,Xt)
)α
× M
(
α, γ,
−2
2y(t,Xt)
)
exp (λ(T − t)(a− 1)) ,
where
y(t,Xt) = Xt
(
eκθ(T−t) − 1)
κθ
,
α = −
(
1
2
− p
2
)
+
√(
1
2
− p
2
)2
+ 2
q
2
, γ = 2
(
α+ 1− p
2
)
, p = −κ+ iρu ,
q = l +
iu
2
+
u2
2
and a =
exp
(
−2lµ2−2iµu+σ2u2
2+4lσ2
)
√
1 + 2lσ2
,
and M(·, ·, ·) denotes the confluent hypergeometric function.
Proof. The proof is completed by noting that
EQ [exp (iuYT − l(RVT −RVt)) |Yt, Xt] = exp (iuYt)EQ
[
exp
(
iu log
(
S˜T
S˜t
)
− l
∫ T
t
Xsds
)∣∣∣∣Xt
]
× EQ
exp
iu NT∑
j=Nt+1
ξ˜j − l
NT∑
j=Nt+1
(ξ˜j)
2
 .
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The first conditional expectation was computed in Lewis (2000) and Carr and Sun (2007) and
is given by
EQ
[
exp
(
iu log
(
S˜T
S˜t
)
− l
∫ T
t
Xsds
)∣∣∣∣Xt
]
= exp (iu(r − λµ)(T − t)) Γ(γ − α)
Γ(γ)
(
2
2y(t,Xt)
)α
×M
(
α, γ,
−2
2y(t,Xt)
)
.
Furthermore, it can be seen that
EQ
[
exp
(
iuξ˜j − lξ˜2j
)]
=
exp
(
−2lµ2−2iµu+σ2u2
2+4lσ2
)
√
1 + 2lσ2
and for fixed c > 0,
EQ
[
cNT−Nt
]
= exp (λ(T − t)(c− 1)) ,
which completes the proof.
Equity and realized-variance derivatives can now be priced using Proposition 4.4.1. For
equity derivatives, pricing requires the performance of a numerical Fourier inversion, such as
those presented in Carr and Madan (1999) and Lewis (2000). Since the characteristic function of
YT is exponentially affine in Yt, the Fourier-Cosine expansion method as described in Section 3.3
in Fang and Osterlee (2008) can be applied. This allows for the simultaneous pricing of equity
options across many strikes and significantly improves the efficiency of the calibration procedure.
For realized-variance derivatives one can employ a numerical Laplace inversion, as in Carr et al.
(2005), or the more robust control-variate method developed in Drimus (2012). With regard
to implied volatilities, approximations for small log-forward moneyness and time to maturity
for the 3/2 plus jumps model can be obtained from Medvedev and Scaillet (2007), as their
Proposition 3 covers the 3/2 plus jumps model.
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Figure 4.4: Fit of the 3/2 plus jumps model to 9 day S&P500 implied volatilities (top) and 44 day VIX
implied volatilities (bottom) on 8 March, 2012. Model parameters obtained  = 50.56, X0 = 0.0822
2,
κ = 30.84, θ = 0.102, ρ = −0.57, λ = 0.18, µ = −0.30, σ = 0.39.
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The section is concluded with a calibration of the 3/2 plus jumps model to short-maturity
S&P500 option data. The inclusion of jumps improves the fit significantly, as illustrated by
Figure 4.3 and Figure 4.4. The values for X0 and θ decrease significantly when jumps are
included, resulting in more realistic VIX option implied volatilities. Also, the parameters for
the jump component are roughly in line with those obtained for SVJ models (see for example
Gatheral (2006)).
4.5 VIX Derivatives
In this section, general pricing formulae for European call and put options on the VIX are
provided. The newly-found formula is used for the pricing of VIX derivatives when the index
follows a 3/2 plus jumps process. The results shown in Section 4.3 are obtained by setting the
jump intensity λ equal to 0. Recall Equation (4.13),
Vt =
√
− 2
τ∗
EQ
[
ln
(
St+τ∗
Sterτ
∗
)∣∣∣∣Ft]× 100 ,
where τ∗ = 30365 . The following result, which is an extension of Proposition 1 in Zhang and Zhu
(2006), allows for the derivation of a pricing formula for VIX options.
Lemma 4.5.1. Let S, X, and V be defined by Equations (4.7), (4.8), and (4.13). Then
Vt =
√
g(Xt, τ∗)
τ∗
+ 2λ(µ¯− µ)× 100 , t ≥ 0 ,
where
g(x, τ∗) = − ∂
∂l
EQ
[
exp
(
−l
∫ t+τ∗
t
Xsds
)∣∣∣∣Xt = x
] ∣∣∣∣
l=0
.
Lemma 4.5.1 illustrates that the distribution of Vt can be obtained via the distribution of
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Xt, for t ≥ 0. The problem of pricing VIX derivatives is consequently reduced to the problem
of finding the transition density function for the variance process. In the following proposition,
the Zhang-Zhu formula for the futures price and a formula for call options is presented.
Proposition 4.5.2. Let S, X, and V be given by Equations (4.7), (4.8) and (4.13). Then the
time-t price of a VIX future expiring at time T is given by
Fˆ V (t, T ) = e−r(T−t)EQ [VT | Ft]
= e−r(T−t)
∫ ∞
0
√(
g(y, τ∗)
τ∗
+ 2λ(µ¯− µ)
)
× 1002fXT |Xt(y)dy , T > t
and the time-t price of a European VIX call option with strike k and expiry T is given by
Cˆvt (k, T ) = e
−r(T−t)EQ
[
(VT − k)+
∣∣Ft]
= e−r(T−t)
∫ ∞
0
(√(
g(y, τ∗)
τ∗
+ 2λ(µ¯− µ)
)
× 1002 − k
)+
fXT |Xt(y)dy , T > t ,
where fXT |Xt(y) denotes the transition density of X started from Xt at time t being at y at time
T .
An expression for VIX put options can be obtained via the put-call parity relation for VIX
options derived in Lian and Zhu (2013), namely
Pˆ vt (k, T ) = Cˆ
v
t (k, T ) + k e
−r(T−t) − Fˆ V (t, T ) ,
For the 3/2 model, Theorem 4 in Carr and Sun (2007) could be used instead of Lemma 4.5.1.
The approach adopted here, however, is not restricted to the 3/2 model and is applicable to all
stochastic volatility models for which the Laplace transform of the realized variance is known.
In the case of the 3/2 model, it is well known that Xt is the inverse of a square-root process
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(Baldeaux (2012); Carr and Sun (2007); Drimus (2012); Goard and Mazur (2013)), as illustrated
in the following lemma.
Lemma 4.5.3. Let X be defined as in Equation (4.8), then the transition density f of X is
given by
fXT |Xt(y) =
1
y2
eκθ(T−t)
c(T − t)p
(
δ, α,
eκθ(T−t)
yc(T − t)
)
, T > t ≥ 0,
where δ = 4(κ+
2)
2
, α = 1Xtc(T−t) , c(t) = 
2(exp (κθt) − 1)/(4κθ) and p(ν, β, ·) denotes the prob-
ability density function of a non-central chi-squared random variable with ν degrees of freedom,
and non-centrality parameter β.
Proof. Introduce the process Y via Yt =
1
Xt
, whose dynamics are given by
dYt = (κ+ 
2 − κθYt)dt− 
√
YtdW
1
t .
Given Yt, we note from Jeanblanc et al. (2009) that
YT
eκθ(T−t)
c(T − t) ∼ χ
2(δ, α) , T > t ≥ 0 ,
where χ2(ν, β) denotes a non-central chi-squared random variable with ν degrees of freedom and
non-centrality parameter β.
Proposition 4.5.2 and Lemma 4.5.3 can be used to price derivatives on the VIX as a dis-
counted expectation.
To further demonstrate that the methodology presented in this section is not restricted to
the 3/2 plus jumps model, consider the stochastic volatility plus jumps model (Bates (1996);
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Duffie et al. (2000)) given by
dS˜t = S˜t−
(
(r − λµ¯)dt+
√
V˜t
(
ρdW 1t +
√
1− ρ2dW 2t
)
+ (eξj − 1)dNt
)
, (4.14)
dX˜t = κ˜(θ˜ − X˜t) + ˜
√
X˜tdW
1
t , (4.15)
where r, ρ, λ, µ¯, µ, and σ are as defined for the 3/2 model, and κ˜, θ˜, and ˜ > 0. By Lemma 4.5.1,
Vt =
√
g(X˜t, τ∗)
τ∗
+ 2λ(µ¯− µ)× 100 ,
where
g(x, τ∗) = ax+ b , a =
1− e−κ˜τ∗
κ˜
, b = θ˜(τ∗ − a) .
As mentioned previously, it is well known that the transition density of a square-root process is
non-central chi-squared. Proposition 4.5.2 can therefore be used to price options on the VIX in
the model proposed in Equation (4.14) and Equation (4.15). The result is a small extension of
Proposition 3 in Lian and Zhu (2013), as the above result allows for jumps in the index.
4.6 Conclusion
In this chapter general formulae for the pricing of VIX and equity derivatives were derived. The
newly-found formulae allowed for an empirical analysis to be performed to assess the appropri-
ateness of the 3/2 framework for the modelling of VIX and equity derivatives. Empirically the
pure-diffusion 3/2 model performed well. The model was able to reproduce upward-sloping im-
plied volatilities in VIX options, while a competing model of the same complexity and tractability
could not. The pure-diffusion 3/2 model, however, struggled to capture the index option implied
volatility smile for short time to expiry. The pronounced implied volatility smile produced artifi-
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cially inflated fitted parameters, resulting in unrealistically high VIX option implied volatilities.
To remedy these shortcomings jumps were introduced. The resulting model was able to better fit
short-term index option implied volatilities, while producing more realistic VIX option implied
volatilities, without a loss in tractability. These observations make the 3/2 plus jumps model a
suitable candidate for the joint modelling of VIX and equity derivatives.
A joint calibration of S&P500 and VIX option data would be an interesting extension of this
current work, however, in performing such a calibration, care must be taken when selecting the
option strikes and expiries. In order to jointly fit both volatility surfaces, an extension of the
current model would be required. Bergomi (2009) offers a more in depth discussion of this issue.
Given the encouraging results found in this chapter, the 3/2 plus jumps model appears to be a
good starting point for such an extension.
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Chapter 5
A Market Model for VIX Futures
67
5.1 Introduction
A new modelling approach that directly prescribes dynamics to the term structure of VIX futures
is proposed in this chapter. The approach is motivated by the tractability enjoyed by models
that directly prescribe dynamics to the VIX, practices observed in interest-rate modelling and
the desire to develop a platform to better understand VIX option implied volatilities. The main
contributions of the chapter are Theorem 5.5.3 and Theorem 5.5.4, which state necessary con-
ditions for there to be no arbitrage between the joint market of VIX and equity derivatives.
The conditions also address a fundamental open problem related to an existing modelling ap-
proach in which the VIX is modelled directly. A novelty of the approach is that complexities
involved with the appropriate choice of a market price of risk are avoided, due to the fact that
traded quantities are modelled directly. This is similar to the comparison of short-rate models
to forward-curve models in interest-rate modelling.
A related modelling approach is to specify the dynamics of the VIX directly. Dynamics
are assumed under a pricing measure and derivatives are priced as discounted expectations of
their future payoffs. There are several examples of this approach in the literature. Grunbichler
and Longstaff (1996) considered a mean-reverting square-root process for the evolution of the
VIX and presented closed-form pricing formulae for VIX derivatives. Psychoyios et al. (2010)
concluded that a mean-reverting logarithmic diffusion with jumps is supported by VIX time-
series data and also derived closed-form formulae for VIX derivatives. A variety of model
specifications were considered by Kaeck and Alexander (2010). The authors evaluated the
performance of a wide range of models for risk management and derivatives pricing applications.
An empirical analysis of one-dimensional diffusions for the VIX was performed in Goard and
Mazur (2013) and the authors concluded that a pure-diffusion 3/2 model is best suited to
capture the dynamics of the VIX. Derivatives were then priced relative to the VIX under such a
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specification. Drimus and Farkas (2012) attempted to replicate the concept of a local-volatility
surface, which originated in Dupire (1993), for VIX derivatives under the assumption of linear
mean-reverting dynamics. The authors justify ignoring the dynamics of the underlying index
with the claim that the VIX market is mature enough for the pricing and hedging of VIX options
relative to VIX futures, which is the market practice.
There are several complexities associated with these models. The first issue is in ensuring
that the joint market between the underlying index and derivatives on the VIX is free from
arbitrage. To ensure that the markets are arbitrage free requires the derivation of restrictions
on the dynamics of the VIX, which is a problem that has not been addressed in the litera-
ture. The derivation of restrictions that ensure no dynamic arbitrage is a well-known problem
in other areas of finance. In interest-rate modelling, the HJM drift conditions (Heath et al.
(1992)) ensure that there is no arbitrage when forward rates are modelled directly. Variance
curve models for variance swap markets are analogous to forward-rate models for interest-rate
markets. Buehler (2006) derived variance curve arbitrage conditions as well as addressing the
problems of finite-dimensional realisations and model consistency. Many attempts have been
made to produce similar results for option market models by directly prescribing dynamics to
Black-Scholes implied volatilities (see for example Scho¨nbucher (1999), Brace et al. (2001) and
Schweizer and Wissel (2008)). The situation is much more complex for options, however, due
to the higher dimensionality of the state space and the non-linearity of Black-Scholes implied
volatilities. The main contributions of the chapter are Theorem 5.5.3 and Theorem 5.5.4, which
state necessary conditions for there to be no arbitrage between the joint market of VIX and
equity derivatives.
Another complexity associated with this modelling approach is in the appropriate specifica-
tion of a market price of risk. Since the VIX is not tradable and cannot be replicated, the usual
relationships that connect a derivative to its underlying are not typically observed. VIX futures
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are not restricted by traditional cost-of-carry relationships and VIX options violate put-call-
parity relationships when compared to the spot. By modelling VIX futures directly, as opposed
to the VIX itself, complexities involved with the appropriate choice of the market price of risk
are avoided. This is similar to the comparison of short-rate models to forward-curve models in
interest-rate modelling.
The final motivating factor for the modelling approach is the concept of VIX option implied
volatility. To properly understand mathematical features of VIX option implied volatilities, a
framework that connects the dynamics of the VIX to the underlying index is required. Cox and
Hobson (2005) and Roper (2010) provide a comprehensive discussion of no-arbitrage restrictions
for traditional option and implied volatility surfaces. To do so, the authors relied on the notion
of an equivalent martingale measure. In order to extend these concepts to the joint market of
VIX and equity derivatives, necessary conditions for the existence of such a measure are required.
For a more in-depth discussion of VIX surfaces, the reader is referred to Chapter 6.
The remainder of this chapter is set out as follows. The modelling framework and math-
ematical preliminaries for the chapter are specified in Section 5.2. In Section 5.3, a general
semi-martingale representation for the VIX index is derived. The dynamics are stated in Propo-
sition 5.3.4. The representation is quite tedious and an alternate form of the diffusion term is
provided in Corollary 5.3.6. Section 5.4 is concerned with the implications of modelling the term
structure of VIX futures directly. The dynamics of a process that represents the VIX as implied
by the family of equations for the VIX futures is derived in Proposition 5.4.1. Section 5.5 is
concerned with the implications of the joint modelling of the underlying index and the term
structure of VIX futures. Restrictions on the dynamics stated in Section 5.3 and Section 5.4 are
derived so that there is no arbitrage between the joint market of VIX and equity derivatives.
The restrictions are stated in Theorem 5.5.3. The chapter is concluded with Section 5.6, where
an application of the main theorem is provided. The application demonstrates that by modelling
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the VIX futures directly, the drift and diffusion of the corresponding stochastic volatility model
must be restricted to preclude arbitrage.
5.2 Model Specification
The modelling framework adopted throughout the chapter is described in this section. Three
key assumptions are made that are each related to a different class of traded instrument.
Consider a continuous-time economy with trading interval [0, T ∗] for a fixed horizon date
T ∗ > 0. Let (Wt = (W 0t ,W 1t , ...,W dt ))0≤t≤T ∗ be a (d + 1)-dimensional Brownian motion on
(Ω,F ,F,P), where F = (Ft)0≤t≤T ∗ is the P-augmented filtration generated by W .
Assumption 5.2.1. (A1) For each i = 0, ..., d, let σi : [0, T ∗]×Ω→ Rd+1+ and µi : [0, T ∗]×Ω→
R be F-adapted processes, with
∫ T ∗
0
|µis| ds <∞ and
∫ T ∗
0
|σis|2 ds <∞, P-a.s..
The vector of processes (Xt = (X
0
t , X
1
t , ..., X
d
t ))0≤t≤T ∗ ∈ Rd+1 is assumed to satisfy
Xit = X
i
0 +
∫ t
0
Xis µ
i
s ds+
∫ t
0
Xis σ
i
s · dW Ps , (5.1)
for each i = 0, ..., d. Let F ≡ X0, so that the underlying index future (Ft = X0t )0≤t≤T ∗ is
assumed to be a stochastic process with dynamics given by
Ft = F0 +
∫ t
0
Fs µ
0
s ds+
∫ t
0
Fs σ
0
s · dW Ps . (5.2)
The motivation for such a setup is to allow for existing models, such as stochastic volatility
models, to be examined within the proposed framework.
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Assumption 5.2.2. (A2) For all times t ∈ [0, T ∗], the market contains call and put options
for all strikes k ∈ [0,∞) and time-till expiries τ ∈ (0, T ∗ − t]. The price of an option at time
t with strike k ∈ [0,∞) and expiry τ ∈ (0, T ∗ − t] is derived from Xt and is assumed to be
a deterministic function, denoted by C(k, τ, t,Xt) for a call and P (k, τ, t,Xt) for a put, for all
0 ≤ t ≤ T ∗.
Recall that the VIX is a function of these option prices, as specified in Definition 2.3.2, with
N ≡ τ∗. That is,
Θt(k, τ ; f) ≡ Θ(k, τ, t,Xt)
and
Vt :=
√∫ ∞
0
Θ(k, τ∗, t,Xt)
k2
dk,
for all t ∈ [0, T ∗ − τ∗]. The reason for such a choice of N is for notational simplicity and the
assumption does not result in any loss of generality.
For all 0 ≤ t ≤ T ≤ T ∗, let Fˆ V (t, T ) denote the value of a VIX future at time t expiring
at time T . The following assumption is concerned with the dynamics of the VIX futures. The
purpose of the following assumption is to allow for a general specification for the VIX futures
and no interpretation or context for the measure P is initially provided.
Assumption 5.2.3. (A3) For all 0 ≤ T ≤ T ∗, let ν(·, T ) : [0, T ] × Ω → Rd+1+ and µV (·, T ) :
[0, T ]×Ω→ R be F-adapted processes. For all 0 ≤ t < T ≤ T ∗, the family of equations for the
VIX futures is assumed to satisfy
Fˆ V (t, T ) = Fˆ V (0, T ) +
∫ t
0
Fˆ V (u, T )µV (u, T ) du+
∫ t
0
Fˆ V (u, T ) ν(u, T ) · dW Pu . (5.3)
Remark 5.2.1. For results on the the existence and uniqueness of solutions to equations of the
form of Equation (5.3), the reader is referred to Section 4.6 of Morton (1988).
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Further assume that, for any 0 ≤ T ≤ T ∗,
∫ T
0
|µV (u, T )| du+
∫ T
0
|ν(u, T )|2 du <∞, P-a.s.,
and that the limit
Fˆ V (t, t) = lim
T↘t
Fˆ V (t, T )
= Fˆ V (0, t) +
∫ t
0
Fˆ V (u, t)µV (u, t) du+
∫ t
0
Fˆ V (u, t) ν(u, t) · dW Pu ,
is well defined for all 0 ≤ t < T ∗, P-a.s..
Given the above family of equations, one can introduce the following process that represents
the VIX as implied by the VIX futures.
Definition 5.2.4. The implied VIX is given by
V˜t := Fˆ
V (t, t),
for all t ∈ [0, T ∗].
Section 5.3 is concerned with the derivation of the dynamics of the VIX from the underlying
index and the setup specified in (A1) and (A2) is assumed. In Section 5.4, the setup of (A3)
is all that is assumed. The implied dynamics of the VIX is the focus of this section and the
analysis is independent of any specification for the underlying index. The focus of Section 5.5
and Section 5.6 is on the complete framework of (A1) - (A3).
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5.3 Deriving the Dynamics of the VIX from the Index
In this section, a general semi-martingale representation of the VIX is derived under the real-
world measure P. A typical starting point for most market models is to directly specify the
dynamics of the modelled quantities under an equivalent martingale measure. This is done to
avoid the complexities involved with the specification of a market price of risk and with a change
in measure. The reason for performing an analysis of the real-world dynamics is that the VIX
is often used in empirical investigations, due to its role as an indicator for market sentiment.
Starting under the real-world measure also avoids complexities regarding the existence of a
risk-neutral measure. The ultimate goal, however, is to provide a framework for the pricing
and hedging of derivatives, which is typically done under an equivalent risk-neutral measure.
The existence of such a measure is not discussed in this section, rather, it is the subject of
Theorem 5.5.3 and Theorem 5.5.4 in the forthcoming Section 5.5.
This section is structured as follows. The Ito-Ventzel formula is first applied to derive the
dynamics of the square of the VIX when defined in terms of options with fixed expiry. A Musiela-
like parameterisation in terms of fixed time-till maturity is then introduced, which allows for
the derivation of a governing stochastic differential equation for the VIX. The representation is
presented in Proposition 5.3.4. In Corollary 5.3.5, the dynamics implied by the specification in
Section 5.2 are stated.
Proposition 5.3.1. Suppose that the setup of (A1) and (A2) in Section 5.2 are assumed, that
is, at time t puts and calls on the index with strike k and expiry at time T are given by the
functions Pˆ (k, T, t,Xt) and Cˆ(k, T, t,Xt). Further assume that for all T ∈ (0, T ∗],
Pˆ (·, T, ·, ·), Cˆ(·, T, ·, ·) ∈ C and Pˆ (·, T, ·, ·), Cˆ(·, T, ·, ·) ∈ C1,1,2
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on R+ × [0, T )×Rd+1+ , for all (k, t,x) ∈ R+ × [0, T ∗)×Rd+1+ ,
Pˆ (k, ·, t,x), Cˆ(k, ·, t,x) ∈ C1
on (t, T ∗], for all x ∈ Rd+1 and 0 ≤ t < T ≤ T ∗,
∫ ∞
0
1
k2
Θˆ(k, T, t,x) dk <∞,
∫ ∞
0
1
k2
∣∣∣∣∣ ∂ˆΘ∂t (k, T, t,x)
∣∣∣∣∣ dk <∞,
and for all x ∈ Rd+1, 0 ≤ t < T ≤ T ∗ and i, j = 0, ..., d,
∫ ∞
0
1
k2
∣∣∣∣∣ ∂Θˆ∂xi (k, T, t,x)
∣∣∣∣∣ dk <∞, and
∫ ∞
0
1
k2
∣∣∣∣∣ ∂2Θˆ∂xi∂xj (k, T, t,x)
∣∣∣∣∣ dk <∞.
Then, for all T ∈ (0, T ∗] and t ∈ [0, T ), the dynamics of the process Vˆ 2t (T ) are given by
dVˆ 2t (T ) = −
1
T − t Vˆ
2
t (T ) dt+
1
T − t
∫ ∞
0
1
k2
∂Θˆ
∂t
(k, T, t,Xt) dk dt
+
1
T − t
d∑
i=0
∫ ∞
0
1
k2
∂Θˆ
∂xi
(k, T, t,Xt) dk dX
i
t −
1
2(T − t)
1
F 2t
d 〈F, F 〉t
+
1
2(T − t)
d∑
i,j=0
∫ ∞
0
1
k2
∂2Θˆ
∂xi∂xj
(k, T, t,Xt) dk d
〈
Xj , Xi
〉
t
. (5.4)
Proof. For 0 ≤ t < T ≤ T ∗ and fixed f > 0, let
G(f, T, t,Xt) =
∫ f
0
1
k2
Pˆ (k, T, t,Xt) dk +
∫ ∞
f
1
k2
Cˆ(k, T, t,Xt) dk
and write Gt(f) := G(f, T, t,Xt). Then
Vˆ 2t (T ) =
1
T − tGt(Ft). (5.5)
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By the assumption that Gt(·) is twice differentiable,
∂Gt
∂f
(f) =
Pˆ (f, T, t,Xt)
f2
− Cˆ(f, T, t,Xt)
f2
and
∂2Gt
∂f2
(f) =
∂
∂f
(
Pˆ (f, T, t,Xt)
f2
− Cˆ(f, T, t,Xt)
f2
)
.
Then, by Ito’s Lemma and stochastic Fubini’s theorem (Theorem A.3),
Gt(f) = G0(f) +
∫ f
0
1
k2
∫ t
0
dPˆ (k, T, s,Xs) dk +
∫ ∞
f
1
k2
∫ t
0
dCˆ(k, T, s,Xs) dk
= G0(f) +
∫ f
0
∫ t
0
1
k2
(
∂Pˆ
∂t
(k, T, s,Xs) ds+
d∑
i=0
∂Pˆ
∂xi
(k, T, s,Xs) dX
i
s
+
1
2
d∑
i,j=0
∂2Pˆ
∂xi∂xj
(k, T, s,Xs) d
〈
Xj , Xi
〉
s
 dk + ∫ ∞
f
∫ t
0
1
k2
(
∂Cˆ
∂t
(k, T, s,Xs) ds
+
d∑
i=0
∂Cˆ
∂xi
(k, T, s,Xs) dX
i
s +
1
2
d∑
i,j=0
∂2Cˆ
∂xi∂xj
(k, T, s,Xs) d
〈
Xj , Xi
〉
s
 dk
= G0(f) +
∫ t
0
∫ f
0
1
k2
∂Pˆ
∂t
(k, T, s,Xs) dk ds+
d∑
i=0
∫ t
0
∫ f
0
1
k2
∂Pˆ
∂xi
(k, T, s,Xs) dk dX
i
s
+
1
2
d∑
i,j=0
∫ t
0
∫ f
0
1
k2
∂2Pˆ
∂xi∂xj
(k, T, s,Xs) dk d
〈
Xj , Xi
〉
s
+
∫ t
0
∫ ∞
f
1
k2
∂Cˆ
∂t
(k, T, s,Xs) dk ds+
d∑
i=0
∫ t
0
∫ ∞
f
1
k2
∂Cˆ
∂xi
(k, T, s,Xs) dk dX
i
s
+
1
2
d∑
i,j=0
∫ t
0
∫ ∞
f
1
k2
∂2Cˆ
∂xi∂xj
(k, T, s,Xs) dk d
〈
Xj , Xi
〉
s
and
Vˆ 2t (T ) = Vˆ
2
0 (T )−
∫ t
0
1
T − sVˆ
2
s (T ) ds+
∫ t
0
1
T − sdGs(Fs). (5.6)
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By the Ito-Ventzel formula (Lemma A.2),
Gt(Ft) = G0(F0) +
∫ t
0
∫ Fs
0
1
k2
dPˆ (k, T, s,Xs) dk ds
+
∫ t
0
∫ ∞
Fs
1
k2
dCˆ(k, T, s,Xs) dk ds+
∫ t
0
∂Gs
∂f
(Fs) dFs
+
d∑
j=0
∫ t
0
1
F 2s
(
∂Pˆ
∂xj
(Fs, T, s,Xs)− ∂Cˆ
∂xj
(Fs, T, s,Xs)
)
d
〈
Xj , F
〉
s
+
1
2
∫ t
0
∂2Gs
∂f2
(Fs) d 〈F, F 〉s .
Therefore
Gt(Ft) = G0(F0) +
∫ t
0
∫ Fs
0
dPˆ (k, T, s,Xs)
k2
dk ds+
∫ t
0
∫ ∞
Fs
dCˆ(k, T, s,Xs)
k2
dk ds
+
∫ t
0
1
F 2t
(
Pˆ (Fs, T, s,Xs)− Cˆ(Fs, T, s,Xs)
)
dFs
+
d∑
j=0
∫ t
0
1
F 2t
(
∂Pˆ
∂xj
(Fs, T, s,Xs)− ∂Cˆ
∂xj
(Fs, T, s,Xs)
)
d
〈
Xj , F
〉
s
+
1
2
∫ t
0
∂
∂f
(
Pˆ (f, T, s,Xs)− Cˆ(f, T, s,Xs)
f2
)∣∣∣∣∣
f=Fs
d 〈F, F 〉s .
To simplify further, observe that
Pˆ (Ft, T, t,Xt)
F 2t
− Cˆt(Ft, T, t,Xt)
F 2t
= 0,
d∑
j=0
1
F 2t
(
∂Pˆ
∂xj
(Ft, T, t,Xt) − ∂Cˆ
∂xj
(Ft, T, t,Xt)
)
d
〈
Xj , F
〉
t
=
1
F 2t
∂
∂x0
(Ft − x0)
∣∣∣∣
x0=Ft
d 〈F, F 〉t
= − 1
F 2t
d 〈F, F 〉t ,
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and
∂
∂f
(
Pˆ (f, T, t,Xt)− Cˆ(f, T, t,Xt)
f2
)∣∣∣∣∣
f=Ft
= − 2
F 3t
(
Pˆ (f, T, t,Xt)− Cˆ(f, T, t,Xt)
)∣∣∣
f=Ft
+
1
F 2t
∂
∂f
(
Pˆ (f, T, t,Xt)− Cˆ(f, T, t,Xt)
)∣∣∣
f=Ft
=
1
F 2t
∂
∂f
(f − Ft)
∣∣∣∣
f=Ft
=
1
F 2t
,
for all Ft by put-call parity. Finally,
Gt(Ft) = G0(F0) +
∫ t
0
∫ Fs
0
dPˆ (k, T, s,Xs)
k2
dk
+
∫ t
0
∫ ∞
Fs
dCˆ(k, T, s,Xs)
k2
dk − 1
2
∫ t
0
1
F 2s
d 〈F, F 〉s
= G0(F0) +
∫ t
0
∫ ∞
0
1
k2
dΘˆ(k, T, s,Xs) dk − 1
2
∫ t
0
1
F 2s
d 〈F, F 〉s
= G0(F0) +
∫ t
0
∫ ∞
0
1
k2
∂Θˆ
∂t
(k, T, s,Xs) dk ds+
d∑
i=0
∫ t
0
∫ ∞
0
1
k2
∂Θˆ
∂xi
(k, T, s,Xs) dk dX
i
s
+
1
2
d∑
i,j=0
∫ t
0
∫ ∞
0
1
k2
∂2Θˆ
∂xi∂xj
(k, T, s,Xs) dk d
〈
Xj , Xi
〉
s
− 1
2
∫ t
0
1
F 2s
d 〈F, F 〉s . (5.7)
Combining Equation (5.6) and Equation (5.7) completes the proof. The stochastic differential
equation version of the result is stated in Equation (5.4).
Since the VIX is defined for a fixed time horizon, it is useful to introduce a Musiela-like
parameterisation, which is the purpose of the following lemma. One may argue that such a
representation is unnecessary for τ ∈ (0, T ∗ − t], due to the fact that the VIX is always defined
for a 30-day time horizon. The representation is not entirely worthless, however, as it provides
a starting point for the analysis of the dynamics of the VIX when the definition is based on a
rolling portfolio (see Equation (2.8)).
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Lemma 5.3.2. For all τ > 0, let
Yt(τ) := τ Vˆ
2
t (t+ τ), ∀t > 0. (5.8)
Then
dYt(τ) =
(∫ ∞
0
1
k2
(
∂Θ
∂t
(k, τ, t,Xt) +
∂Θ
∂τ
(k, τ, t,Xt)
)
dk − 1
τ
Yt(τ)
)
dt
− 1
2F 2t
d 〈F, F 〉t +
d∑
i=0
∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ, t,Xt) dk dX
i
t
+
1
2
d∑
i,j=0
∫ ∞
0
1
k2
∂2Θ
∂xi∂xj
(k, τ, t,Xt) dk d
〈
Xj , Xi
〉
t
,
P-a.s..
Proof. Equation (5.4) and Equation (5.8) imply the dynamics
Yt(τ) = Y0(τ) +
∫ t
0
dYs(τ)
= Y0(τ) +
∫ t
0
τ dVˆ 2s (s+ τ) +
∫ t
0
τ
∂Vˆ 2s
∂T
(s+ τ) ds
= Y0(τ)−
∫ t
0
Vˆ 2s (τ) ds+
∫ t
0
∫ ∞
0
1
k2
∂Θˆ
∂t
(s, s+ τ, k,Xs) dk ds
+
d∑
i=0
∫ t
0
∫ ∞
0
1
k2
∂Θˆ
∂xi
(s, s+ τ, k,Xs) dk dX
i
s
+
1
2
d∑
i,j=0
∫ t
0
∫ ∞
0
1
k2
∂2Θˆ
∂xi∂xj
(s, s+ τ, k,Xs) dk d
〈
Xj , Xi
〉
s
− 1
2
∫ t
0
1
F 2s
d 〈F, F 〉s +
∫ t
0
∂
∂T
∫ ∞
0
1
k2
Θˆ(s, s+ τ, k,Xs) dk ds.
Writing the option prices as a function of time-till expiry and by Lemma A.4, which is a conse-
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quence of the Dominated Convergence Theorem,
Yt(τ) = Y0(τ)−
∫ t
0
1
τ
Ys(τ) ds+
∫ t
0
∫ ∞
0
1
k2
(
∂Θ
∂t
(k, τ, s,Xs) +
∂Θ
∂τ
(k, τ, s,Xs)
)
dk ds
− 1
2
∫ t
0
1
F 2s
d 〈F, F 〉s +
d∑
i=0
∫ t
0
∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ, s,Xs) dk dX
i
s
+
1
2
d∑
i,j=0
∫ t
0
∫ ∞
0
1
k2
∂2Θ
∂xi∂xj
(k, τ, s,Xs) dk d
〈
Xj , Xi
〉
s
.
Expressing the above equation in the corresponding stochastic differential equation completes
the proof.
Definition 5.3.3. Let Y ∗t = Yt(τ∗). Since τ∗ is a fixed, the dependance of Y ∗t on τ∗ is suppressed.
The object of concern is the VIX, not the square of the VIX, and the following proposition
provides the dynamics of the VIX.
Proposition 5.3.4. Let v(y) :=
√
y, ∀y > 0. Therefore Vt = v(Y ∗t ), ∀t > 0, and the dynamics
of Vt are given by
dVt = u
(1)
t Vtdt+ u
(2)
t Vt d 〈F, F 〉t +
d∑
i,j=0
u
(i,j)
t Vt d
〈
Xj , Xi
〉
t
+
d∑
i=0
witVt dX
i
t , (5.9)
where the drift and diffusion coefficients of V are given by the equations
u
(1)
t = −
1
2τ∗
+
1
2V 2t
∫ ∞
0
1
k2
(
∂Θ
∂t
(k, τ∗, t,Xt) +
∂Θ
∂τ
(k, τ∗, t,Xt)
)
dk, (5.10)
u
(2)
t = −
1
(2VtFt)2
(5.11)
u
(i,j)
t =
1
4V 2t
∫ ∞
0
1
k2
∂2Θ
∂xi∂xj
(k, τ∗, t,Xt) dk − w
i
tw
j
t
2
, (5.12)
w
(i)
t =
1
2V 2t
∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ∗, t,Xt) dk, (5.13)
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P-a.s., for all t > 0.
Proof. By Ito’s formula,
dVt =
∂v
∂y
(Y ∗t ) dY
∗
t +
1
2
∂2v
∂y2
(Y ∗t ) d 〈Y ∗, Y ∗〉t ,
where
∂v
∂y
(Y ∗t ) =
1
2Vt
and
∂2v
∂y2
(Y ∗t ) = −
1
4V 3t
.
Therefore
dVt =
(
1
2Vt
∫ ∞
0
1
k2
(
∂Θ
∂t
(k, τ∗, t,Xt) +
∂Θ
∂τ
(k, τ∗, t,Xt)
)
dk − Vt
2τ∗
)
dt
− 1
4VtF 2t
d 〈F, F 〉t +
1
4Vt
d∑
i,j=0
(∫ ∞
0
1
k2
∂2Θ
∂xi∂xj
(k, τ∗, t,Xt) dk
)
d
〈
Xj , Xi
〉
t
− 1
8V 3t
d∑
i,j=0
(∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ∗, t,Xt) dk
)(∫ ∞
0
1
k2
∂Θ
∂xj
(k, τ∗, t,Xt) dk
)
d
〈
Xj , Xi
〉
t
+
1
2Vt
d∑
i=0
∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ∗, t,Xt) dk dXit , P-a.s..
Introducing u
(1)
t , u
(2)
t , u
(i,j)
t and w
(i)
t , as defined in Equations (5.10)-(5.13), completes the proof.
Corollary 5.3.5. The dynamics of the index as specified in (A1) in Section 5.2 imply that Vt
satisfies
dVt
Vt
= ut dt+
d∑
i=0
witX
i
t σ
i
t · dW Pt , (5.14)
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where the drift and diffusion coefficients of V are given by the equations
ut =
d∑
i=0
witX
i
t µ
i
t −
1
2τ∗
+
1
2V 2t
∫ ∞
0
1
k2
(
∂Θ
∂t
(k, τ∗, t,Xt) +
∂Θ
∂τ
(k, τ∗, t,Xt)
)
dk − σ
0
t · σ0t
(2Vt)2
+
d∑
i,j=0
XitX
j
t
(
1
4V 2t
∫ ∞
0
1
k2
∂2Θ
∂xi∂xj
(k, τ∗, t,Xt)dk − w
i
tw
j
t
2
) (
σit · σjt
)
(5.15)
and
w
(i)
t =
1
2V 2t
∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ∗, t,Xt) dk. (5.16)
Proof. The result is an immediate consequence of Proposition 5.3.4, Equation (5.1) and Equa-
tion (5.2).
Remark 5.3.1. Given the form of the coefficients, it is not immediately obvious that there exist
solutions to the Equation (5.14). Under very mild assumptions, however, V is a strictly-positive
process and will consequently possess a semi-martingale representation with local solutions.
To ensure that V has global solutions and a finite expectation, which are useful for practical
purposes, additional assumptions are required.
Remark 5.3.2. Many modelling approaches begin by assuming a semi-martingale representation
for the VIX. To obtain such a representation from first principles, assumptions must be made
regarding the option price processes to ensure that fundamental quantities exist and are well
defined, as illustrated by the analysis performed in this section. The results demonstrate that,
despite having an appearance of simplicity, there are hidden complexities associated with mod-
elling the VIX directly. In modelling the VIX directly, many implicit assumptions regarding
fundamental quantities are made.
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5.3.1 An alternate representation of the diffusion term
Proposition 5.3.4 provides a representation of the VIX dynamics given general dynamics for the
index future and index options. In what follows, an alternate representation of the diffusion
coefficients,
w
(i)
t =
1
2V 2t
∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ∗, t,Xt) dk,
given in Equation (5.13), is proposed. The following analysis is not affected by an application
of Girsanov’s theorem, due to the fact that the multiplicative term is measure invariant, and is
hence independent of any assumptions regarding market completeness and the market price of
risk.
The following corollary offers an alternate representation of the diffusion term and is required
for the forthcoming analysis in Section 5.5.
Corollary 5.3.6. Suppose that there exists a pricing measure Q ∼ P such that index futures
and options are Q-martingales. Then the diffusion term for the VIX can be expressed as
w
(i)
t = −
1
2V 2t
∂
∂xi
(
EQ [ ln(Ft+τ )|Xt = x]− ln(Ft)
)
.
Proof. For fixed t ≥ 0, fix ω ∈ Ω. Since Ft+τ (ω) ∈ R+, ∀ω ∈ Ω, for f(s) = ln(s) and
X = Ft+τ (ω), Lemma A.1 yields
ln(Ft+τ (ω)) = ln(Ft) +
1
E
(Ft+τ (ω)− E)
−
∫ ∞
E
(Ft+τ (ω)− k)+
k2
dk −
∫ E
0
(k − Ft+τ (ω))+
k2
dk.
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Since ω is arbitrary the above equation is true for any ω ∈ Ω. Taking conditional expectations
with respect to Ft under the pricing measure Q and rearranging gives
∫ ∞
E
1
k2
C(k, τ∗, t,Xt) dk +
∫ E
0
1
k2
P (k, τ∗, t,Xt) dk = −EQ [ ln(Ft+τ )| Ft] + ln(Ft) + 1
E
(Ft − E).
The conditional expectation on the right-hand side can be expressed in terms of the value of
the process X at time t, as a consequence of the Markov property. Choosing E = Ft and
differentiating with respect to xi
∂
∂xi
∫ ∞
0
1
k2
Θ(k, τ∗, t,x) dk
∣∣∣∣
x=Xt
= − ∂
∂xi
(
EQ [ln(Ft+τ )|Xt = x]− ln(Ft)
)
.
Dividing both sides by 2V 2t and by Lemma A.4, which is an application of the Dominated
Convergence Theorem, completes the proof.
Remark 5.3.3. In Chapter 6 general properties of VIX derivatives are discussed. The market
practice is heavily dependent on the notion of Black implied volatility, which is a convention
that has carried across from more traditional derivative products. Traditional implied volatility
is well studied and it has many well-documented complexities. VIX implied volatilities come
with many additional complexities, due to the connection between the underlying index and the
VIX, and little progress in the way of mathematical results has been made. The representation
of the diffusion term in Corollary 5.3.6 provides a first step for such an analysis.
5.4 Deriving the Dynamics of the VIX from the VIX Futures
In this section, the object of concern is the family of equations presented in Equation 5.3 for the
VIX futures. To derive arbitrage restrictions on the joint market of VIX and equity derivatives,
the dynamics of the VIX implied by the VIX futures must first be derived. In the following
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proposition, the dynamics of the VIX are derived from the family of equations for the VIX
futures. The procedure is analogous to the recovery of the short-term interest rate from the
forward-rate curve, which is a well known result in interest-rate modelling.
Proposition 5.4.1. Suppose that the setup of (A3) in Section 5.2 is assumed and that the co-
efficients µV (t, T ), ν(t, T ) and the initial VIX futures term structure, F (0, T ), are differentiable
with respect to T , with bounded partial derivatives µVT (t, T ), νT (t, T ) and Fˆ
V
T (0, T ). Then the
dynamics of the implied VIX are given by
V˜t = V˜0 +
∫ t
0
ξuV˜u du+
∫ t
0
V˜uν(u, u) · dW Pu , (5.17)
where ξ denotes the following process
ξt =
Fˆ VT (0, t)
Fˆ V (t, t)
+
1
Fˆ V (t, t)
∫ t
0
µV (u, t)Fˆ V (u, t) du
+
1
Fˆ V (t, t)
∫ t
0
(Fˆ V (u, t) νT (u, t) + Fˆ
V
T (u, t) ν(u, t)) · dW Pu . (5.18)
Proof. Recall that the implied VIX satisfies
V˜t = Fˆ
V (t, t) = Fˆ V (0, t) +
∫ t
0
µV (u, t) Fˆ V (u, t) du+
∫ t
0
Fˆ V (u, t) ν(u, t) · dW Pu .
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Therefore
V˜t = Fˆ
V (0, t) +
∫ t
0
µV (u, t) Fˆ V (u, t) du+
∫ t
0
Fˆ V (u, u) ν(u, u) · dW Pu
+
∫ t
0
(
Fˆ V (u, t) ν(u, t)− Fˆ V (u, u) ν(u, u)
)
· dW Pu
= Fˆ V (0, t) +
∫ t
0
µV (u, t) Fˆ V (u, t) du+
∫ t
0
V˜u ν(u, u) · dW Pu
+
∫ t
0
(
Fˆ V (u, t) ν(u, t)− Fˆ V (u, u) ν(u, u)
)
· dW Pu .
For fixed u > 0 and for each i = 0, ..., d,
Fˆ V (u, t) ν(u, t)− Fˆ V (u, u) ν(u, u)
=
∫ t
u
d
ds
[Fˆ V (u, s)ν(u, s)]ds
=
∫ t
u
[
Fˆ V (u, s) νT (u, s) + Fˆ
V
T (u, s)ν(u, s)
]
ds.
Therefore
V˜t = Fˆ
V (0, t) +
∫ t
0
µV (u, t) Fˆ V (u, t) du+
∫ t
0
V˜u ν(u, u) · dW Pu
+
∫ t
0
∫ t
u
[
Fˆ V (u, s) νT (u, s) + Fˆ
V
T (u, s)ν(u, s)
]
ds · dW Pu
= Fˆ V (0, t) +
∫ t
0
µV (u, t) Fˆ V (u, t) du+
∫ t
0
V˜u ν(u, u) · dW Pu
+
∫ t
0
∫ s
0
[
Fˆ V (u, s) νT (u, s) + Fˆ
V
T (u, s)ν(u, s)
]
· dW Pu ds,
where stochastic Fubini’s theorem, which is stated in Theorem A.3, has been used to interchange
the order of integration. Writing
Fˆ V (0, t) = V˜0 +
∫ t
0
Fˆ VT (0, u) du
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and introducing the process ξ as defined in Equation (5.18) completes the proof.
5.5 Consistency Conditions
In this section, restrictions on the dynamics of the underlying index and the family of processes
for the VIX futures are derived. These restrictions are necessary for there to be no arbitrage
between the joint market of VIX and equity derivatives and are referred to as consistency
conditions. The conditions are formulated more precisely in the following two definitions.
Condition 5.5.1 (C1). P (Vt = V˜t) = 1, for all 0 ≤ t ≤ T ∗, P − a.s., where V˜ is the process
given in Equation (5.17).
Condition 5.5.2 (C2). There exists an equivalent martingale measure, Q ∼ P, for the underly-
ing index and the VIX, such that futures on the index and futures on the VIX are Q-martingales.
The first condition is a consequence of the restriction that the VIX and the dynamics implied
by the VIX futures must be versions of the same process. This condition simply requires the two
different processes that one could derive for the VIX to be in agreement. The second condition
is a standard no arbitrage condition and it is obtained through an application of Girsanov’s
theorem. The consistency conditions are equivalent to the forthcoming Theorem 5.5.3 and
Theorem 5.5.4. The starting point for Theorem 5.5.3 is an equivalent martingale measure, from
which the drift and diffusion restrictions are derived. Theorem 5.5.4 starts with the drift and
diffusion restrictions and is concerned with the existence of an equivalent martingale measure.
Theorem 5.5.3. Suppose that there exists a measure Q ∼ P such that futures on the index
and futures on the VIX are Q-martingales. Then there exists a market price of risk, λ, with∫ T ∗
0 |λs|2 ds <∞, P-a.s., such that for all t ∈ [0, T ∗ − τ∗]
µ0t = − λt · σ0t , (5.19)
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µV (t, T ) = −λt · ν(t, T ), (5.20)
for each j = 0, ..., d,
νj(t, t) =
d∑
i=0
(
Xit
2V 2t
∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ∗, t,Xt)dk σ
i,j
t
)
, (5.21)
with σi = (σi,1, σi,2, ..., σi,d)T and
1
2τ∗
+
σ0t · σ0t
(2Vt)2
+
∑
i,j=0
1
2
XitX
j
t w
i
tw
j
t
(
σit · σjt
)
+ λt ·
d∑
i=0
witX
i
t σ
i
t
=
1
Fˆ V (t, t)
∫ t
0
(λt · ν(t, t)) Fˆ V (u, t) du− Fˆ
V
T (0, t)
Fˆ V (t, t)
− 1
Fˆ V (t, t)
∫ t
0
(Fˆ V (u, t) νT (u, t) + Fˆ
V
T (u, t) ν(u, t)) · dW Pu , P-a.s..
(5.22)
Proof. Let Q ∼ P be an equivalent martingale measure on (Ω,FT ∗). Then the existence of a
λ, with
∫ T ∗
0 |λs|2 ds < ∞, P-a.s., is a direct consequence of the Radon-Nikody´m theorem. By
Girsanov’s theorem
WQt = W
P
t −
∫ t
0
λs ds (5.23)
defines a Brownian motion under Q. Therefore
dFt
Ft
= µ0tdt+ σ
0
t ·
(
dWQt + λtdt
)
=
(
µ0t + λt · σ0t
)
dt+ σ0t · dWQt
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and
dΘˆ(k, T, t,Xt)
=
∂Θˆ
∂t
(k, T, t,Xt) dt+
d∑
i=0
∂Θˆ
∂xi
(k, T, t,Xt) dX
i
t +
1
2
d∑
i,j=0
∂2Θˆ
∂xi∂xj
(k, T, t,Xt) d
〈
Xj , Xi
〉
t
=
∂Θˆ
∂t
(k, T, t,Xt) dt+
d∑
i=0
∂Θˆ
∂xi
(k, T, t,Xt)X
i
t µ
i
t dt
+
1
2
d∑
i,j=0
∂2Θˆ
∂xi∂xj
(k, T, t,Xt) d
〈
Xj , Xi
〉
t
+
d∑
i=0
∂Θˆ
∂xi
(k, T, t,Xt)X
i
tσ
i
t · dW Pt
=
∂Θˆ
∂t
(k, T, t,Xt) dt+
d∑
i=0
∂Θˆ
∂xi
(k, T, t,Xt)
(
µit + λt · σt
)
Xit dt
+
1
2
d∑
i,j=0
∂2Θˆ
∂xi∂xj
(k, T, t,Xt) d
〈
Xj , Xi
〉
t
+
d∑
i=0
∂Θˆ
∂xi
(k, T, t,Xt)X
i
tσ
i
t · dWQt .
The no-arbitrage condition (C2) stated in Definition 5.5.2 implies that, for all t ∈ [0, T ∗],
µ0t = −λt · σ0t , Q− a.s.,
and that for all k > 0 and each T ∈ (t, T ∗],
∫ t
0
(
∂Θˆ
∂t
(k, T, s,Xs) ds+
d∑
i=0
∂Θˆ
∂xi
(k, T, s,Xs)X
i
s µ
i
s ds
+
1
2
d∑
i,j=0
∂2Θˆ
∂xi∂xj
(k, T, s,Xs) d
〈
Xj , Xi
〉
s
 = −∫ t
0
(
λs ·
d∑
i=0
∂Θˆ
∂xi
(k, T, s,Xs)X
i
sσ
i
s
)
ds,
Q−a.s.. Introducing the change of variable T := t+τ and expressing option prices as a function
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of time-till expiry, Θ(·, τ, ·, ·) := Θˆ(·, t+ τ, ·, ·), for all τ ∈ [0, T ∗] and t ∈ [0, T ∗ − τ ], gives
∫ t
0
(
∂Θ
∂t
(k, τ, s,Xs) ds+
∂Θ
∂τ
(k, τ, s,Xs) ds+
d∑
i=0
∂Θ
∂xi
(k, τ, s,Xs)X
i
s µ
i
s ds
+
1
2
d∑
i,j=0
∂2Θ
∂xi∂xj
(k, τ, s,Xs) d
〈
Xj , Xi
〉
s
 = −∫ t
0
(
λs ·
d∑
i=0
∂Θ
∂xi
(k, τ, s,Xs)X
i
sσ
i
s
)
ds,
(5.24)
for all k > 0. Corollary 5.3.5 and Equation (5.24) evaluated at τ = τ∗ imply that
dVt
Vt
= −
 1
2τ∗
+
σ0t · σ0t
(2Vt)2
+
∑
i,j=0
1
2
XitX
j
t w
i
tw
j
t
(
σit · σjt
)
+ λt ·
d∑
i=0
witX
i
tσ
i
t
 dt
+
d∑
i=0
witX
i
t σ
i
t · dW Pt . (5.25)
The VIX futures dynamics are given by the family of processes in Equation (5.3) under the
risk-neutral measure Q satisfy
dFˆ V (t, T ) =
(
µV (t, T ) + λt · ν(t, T )
)
Fˆ V (t, T ) dt+ Fˆ V (t, T ) ν(t, T ) · dWQt .
The no-arbitrage condition (C2) stated in Definition 5.5.2 again implies that, for all t ∈ [0, T ],
µV (t, T ) = −λt · ν(t, T ), Q− a.s.. (5.26)
Proposition 5.4.1 and Equation (5.26) imply that the VIX satisfies the dynamics
dV˜t = ξtV˜t dt+ V˜t ν(t, t) · dWQt , (5.27)
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where the process ξ is defined by
ξt =
Fˆ VT (0, t)
Fˆ V (t, t)
− 1
Fˆ V (t, t)
∫ t
0
(λt · ν(t, t)) Fˆ V (u, t) du
+
1
Fˆ V (t, t)
∫ t
0
(Fˆ V (u, t) νT (u, t) + Fˆ
V
T (u, t) ν(u, t)) · dW Pu .
Condition (C1) stated in Definition 5.5.1 requires for the VIX and the dynamics of the implied
VIX to be versions of the same process. Imposing the condition that the drift and diffusion
coefficients in Equation (5.25) and Equation (5.27) must be equal completes the proof.
Theorem 5.5.4. Suppose that µ, σ, ξ and ν satisfy, as functions of F and Fˆ V , Equations (5.19)-
(5.22), for all T ∈ [0, T ∗] and all t ∈ [0, T ], P-a.s., for some process λ, with ∫ T ∗0 |λs|2 ds < ∞,
P-a.s., and
EP
[
E
(∫ ·
0
λsdW
P
s
)
T ∗
∣∣∣∣F0] = 1.
Further suppose that there exists an adapted process F on [0, T ∗] and a family of adapted processes
Fˆ V (·, T ), for all T ∈ [0, T ∗], on [0, T ] satisfying Equation (5.2) and Equation (5.3). Then there
exists an equivalent measure, Q ∼ P, on FT ∗, for (Ft)0≤t≤T ∗ and (Fˆ V (t, T ))0≤t≤T , for all
T ∈ [0, T ∗], such that futures on the index and futures on the VIX are Q-martingales.
Remark 5.5.1. One such measure is given by
dQ
dP
:= E
(∫ ·
0
λsdW
P
s
)
T ∗
, (5.28)
where E(·) denotes the stochastic exponential.
Proof. The existence of a measure Q ∼ P is obtained through a direct application of Girsanov’s
Theorem. The proof of the remainder of Theorem 5.5.4 follows from the proof of Theorem 5.5.3.
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Remark 5.5.2. The martingale measure of Theorem 5.5.4 may not be unique due to the fact that
there may be sources of risk that are not traded. From a practical perspective, the ability to
replicate contingent claims is potentially of more interest than the theoretical completeness of a
model. Theorem 5.5.3 and Theorem 5.5.4 provide an arbitrage-free representation that enables
the direct hedging of VIX options with VIX futures contracts.
Remark 5.5.3. Restrictions on both the drift and diffusion coefficients of the index and VIX
futures are imposed in Theorem 5.5.3 and Theorem 5.5.4. The non-uniqueness of the martingale
measure enters the theorem through the presence of λ in the drift restrictions. The diffusion
coefficient, however, is not affected by an application of Girsanov’s theorem due to the fact that
the multiplicative term is measure invariant. An analysis of the diffusion coefficients is hence
independent of any assumptions regarding market completeness and the market price of risk.
The restrictions on the diffusion term are rather non-standard and the interpretation is
not immediately clear, due to the presence of the term Vt. The forthcoming Theorem 5.5.6
is concerned with the implications of Theorem 5.5.3 and Theorem 5.5.4 on the diffusion term
for the VIX. Before introducing the theorem, consider the following assumption regarding the
diffusion terms. The functional form is motivated from the perspective of modelling the VIX
futures.
Assumption 5.5.5. The diffusion coefficient σ is a function of the processes X and V , and the
process ν is a functional of the VIX futures curve Fˆ V , such that
σt = σ(t,Xt, Vt), and ν(t, T ) = ν(t, T, Fˆ
V (t, T )).
The reason that the diffusion coefficient for the index is dependent upon Vt is that this may
be a consequence from the assumed dynamics for the VIX futures. In other words, the dynamics
of the VIX futures may imply that the diffusion coefficient of the index must be dependent upon
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Vt.
The partial-differential equation (PDE) in the following theorem provides a restriction on
the choice of the diffusion coefficients, σ and ν, so that the joint dynamics are in agreement.
The result is somewhat of an inverse problem; the solution to the equation is given, while the
coefficients are unknown.
Theorem 5.5.6. For there to be no joint arbitrage in the sense of Theorem 5.5.3 and Theo-
rem 5.5.4, for all t ≥ 0 and x ∈ Rd+1+ , σt and νt must satisfy the equation
d∑
i=0
xi σi,j(t,x,
√
h(t,x))
∂h
∂xi
(t,x) = 2h(t,x) νj(t, t,
√
h(t,x)), j = 0, ...d, (5.29)
with h(t,Xt) = V
2
t .
Proof. Equation (5.21) in Theorem 5.5.3 states that for each j = 0, ..., d,
νj(t, t, Vt) =
d∑
i=0
(
Xit
2V 2t
∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ∗, t,Xt)dk σ
i,j
t
)
, (5.30)
with σi = (σi,1, σi,2, ..., σi,d)T . Recall Corollary 5.3.6, which states the following alternate rep-
resentation of the diffusion term
1
2V 2t
∫ ∞
0
1
k2
∂Θ
∂xi
(k, τ∗, t,Xt)dk = − 1
2V 2t
∂
∂xi
(
EQ [ ln(Ft+τ )|Xt = x]− ln(Ft)
)
.
The assumption that the underlying index is a true martingale as opposed to a strict-local
martingale implies that the VIX can be represented as a log function (see Corollary 4.2.2)
V 2t = −EQ
[
ln
(
Ft+τ∗
Ft
)∣∣∣∣Xt = x] = h(t,x)
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for some function h : [0, T ∗]×Rd+1+ → R+ and hence
νj(t, t,
√
h(t,x)) =
d∑
i=0
(
xi
2h(t,x)
σi,j(t,x,
√
h(t,x))
∂h
∂xi
(t,x)
)
, j = 0, ...d. (5.31)
Multiplying both sides by 2h(t,x) completes the proof.
5.6 Applications
In this section, an application of the main result is provided. A class of model for the term
structure of VIX futures is considered and Theorem 5.5.6 is used to derive the implications of
model assumptions on the dynamics of the underlying index, such that the joint market remains
free from arbitrage. The example demonstrate that there are unavoidable complexities involved
when modelling the joint dynamics of the underlying index and VIX futures, and that care must
be taken to avoid arbitrage. The model is a special case of models that satisfy the restrictions
derived in Section 5.5, except that the risk-neutral measure Q is assumed to be fixed and the
dynamics are directly specified under such a measure.
5.6.1 Proportional volatility
The simplest non-negative class of model for the term structure of VIX futures is geometric
Brownian motion. The influence of randomness is to shift the entire futures term structure up
or down in a multiplicative fashion and options are priced through a straight-forward applica-
tion of Black’s formula. The example provides a good illustration of the implications of the
modelling approach, as well as a first step in an analysis of VIX implied volatilities, since these
are calculated using Black’s formula.
In what follows, it is assumed that the underlying index is driven by a one factor stochastic-
volatility model. Rather than assuming the drift and diffusion coefficients for the model are
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known, these are inferred based on the assumption that VIX futures are driven by geometric
Brownian motion.
Corollary 5.6.1. Suppose that VIX futures satisfy the family of equations
dFˆ V (t, T ) = β(t, T )Fˆ V (t, T ) dZt, ∀0 ≤ t < T ≤ T ∗, (5.32)
for some β : U → R+ where U = {(t, T ) | 0 ≤ t < T ≤ T ∗}, and that the dynamics of the
underlying index are given by the stochastic volatility model
dFt
Ft
=
√
Xt dWt (5.33)
dXt = µ(Xt) dt+ σ(Xt) dZt, (5.34)
where µ and σ are functions such that Xt > 0, for all t ≥ 0,
∫ T ∗
0
µ(Xs) ds <∞ and
∫ T ∗
0
σ2(Xs) ds <∞,
Q-a.s., and W and Z are correlated F-adapted Brownian motion under the measure Q.
For there to be no arbitrage, β(t, t), µ(x) and σ(x) must satisfy
β(t, t) ≡ γ
and
µ(x) = σ(x)
[
1
2
∂σ
∂x
(x)− γ
]
,
for some γ ∈ R+ and for all t ≥ 0 and x > 0.
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Proof. Corollary 4.2.2 with N ≡ τ∗ implies that, for the assumed dynamics for the underlying
index, the VIX satisfies
Vt =
√
−EQ
[
ln
(
Ft+τ∗
Ft
)∣∣∣∣Ft].
The dynamics specified in Equation (5.33) and Equation (5.34) further imply that
Vt =
√
−EQ
[∫ t+τ∗
t
1
Fs
dFs −
∫ t+τ∗
t
1
2F 2s
d 〈F, F 〉s
∣∣∣∣Ft]
=
√
1
2
EQ
[∫ t+τ∗
t
Xs ds
∣∣∣∣Ft]
=
√
1
2
EQ
[∫ t+τ∗
t
Xs ds
∣∣∣∣Xt = x] = √h(x)
for some function h : R+ → R+. The function h(x) is independent of t due to the Markovian
structure of Xt, which can be observed by introducing a simple change of variable,
h(x) =
1
2
EQ
[∫ t+τ∗
t
Xs ds
∣∣∣∣Xt = x
]
=
1
2
EQ
[∫ t+τ∗
t
Xs−t ds
∣∣∣∣X0 = x
]
=
1
2
EQ
[∫ τ∗
0
Xr dr
∣∣∣∣X0 = x
]
.
To proceed, introduce the function
H(t, x) :=
1
2
EQ
[∫ τ∗
t
Xr dr
∣∣∣∣X0 = x
]
, 0 ≤ t ≤ τ∗, (5.35)
such that H(0, x) ≡ h(x) and the function H(t, x) is the unique solution to the Cauchy problem
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(see Theorem 7.6 in Karatzas and Shreve (1991))

∂H
∂t
(t, x) + µ(x)
∂H
∂x
(t, x) +
1
2
σ2(x)
∂2H
∂x2
(t, x) + x = 0, 0 ≤ t < τ∗
H(τ∗, x) = 0.
Differentiating Equation (5.35) and taking the limit t ↘ 0 implies that ∂H∂t (0+, x) = −x. Eval-
uating the above equation at t = 0 implies that h(x) satisfies
µ(x)
∂h
∂x
(x) +
1
2
σ2(x)
∂2h
∂x2
(x) = 0. (5.36)
Theorem 5.5.6 implies that σ(x) and h(x) must jointly satisfy
σ(x)
∂h
∂x
(x) = 2β(t, t)h(x), (5.37)
for all t ≥ 0 and x > 0. Using the fact that h(x) is constant in time implies that β(t, t) ≡ γ, for
some γ > 0. Differentiating Equation (5.37) with respect to x yields
∂σ
∂x
(x)
∂h
∂x
(x) + σ(x)
∂2h
∂x2
(x) = 2γ
∂h
∂x
(x)
and hence
1
2
σ2(x)
∂2h
∂x2
(x) =
1
2
σ(x)
∂h
∂x
(x)
[
2γ − ∂σ
∂x
(x)
]
= γ h(x)
[
2γ − ∂σ
∂x
(x)
]
. (5.38)
Equations (5.36)-(5.38) imply that
2γ h(x)
[
µ(x)
σ(x)
+ γ − 1
2
∂σ
∂x
(x)
]
= 0 (5.39)
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and hence
µ(x)
σ(x)
+ γ − 1
2
∂σ
∂x
(x) = 0.
Solving for µ(x) completes the proof.
5.6.2 Connection to Existing Models - Carr and Sun (2007)
In Corollary 5.6.1, the plausible dynamics for the instantaneous variance process are derived from
the general dynamics for the term-structure of VIX futures. A similar analysis was performed in
Carr and Sun (2007) in the context of variance swaps and these are presented in this section. The
authors propose a rather general framework in which the underlying index and a single variance
swap are modelled. Plausible risk-neutral dynamics for the instantaneous variance process are
derived so that the dynamics of the underlying are consistent with that of the variance swap.
The restrictions obtained are different to those stated in the previous section, due to the fact
that the object of concern is a variance swap, not the VIX.
The fundamental practical difference between these two modelling approaches is in the as-
sumptions made regarding the market of traded instruments. The previous section assumed
that VIX futures are liquidly traded and that derivatives are priced relative to the VIX. In this
section, it is assumed that a variance swap is traded. Given the assumptions and potential
restrictions on the market of traded instruments, it is not a requirement that the results of one
approach follow from the other.
Consider a continuous-time economy with trading interval [0, T ∗] for a fixed horizon date
T ∗ > 0. Let uncertainty in the economy be represented by the probability space (Ω,F,P),
where P is used to denote the real-world probability measure. Let Ft denote the time-t index
futures price and assume that the futures price process (F ){0≤t≤T ∗} is positive and continuous
over time. The martingale representation theorem implies that there exist stochastic processes
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µ and σ, such that
dFt
Ft
= µt dt+ σt dBt,
where B is a standard Brownian motion under P. The drift, µ, and the diffusion, σ, are left
unspecified. Given the fixed rate for a newly issued variance swap with expiry at time T , denoted
by st(T ), wt(T ) = st(T )(T−t) is defined as the time-t value of a claim that pays out a continuous
cash flow of σ2u du for each u ∈ [t, T ]. Under probability measure P, it is assumed that
dwt
wt
=
(
piwt −
σ2t
wt
)
dt+ α(wt)σt dWt, t ∈ [0, T ),
where W is a another Brownian motion under P, piw is an unspecified stochastic process and
α : R+ → R is a known function.
In the above setting, both the underlying futures price and the variance swap rate have un-
specified stochastic volatility, however, the authors showed that the payoff of a path-independent
contingent claim can be perfectly replicated by dynamic trading in futures contracts and variance
swaps of the same maturity. As a result, the contingent claim can be uniquely valued relative to
the futures price and the assumed observable variance swap rate. In contrast to standard models
for stochastic volatility, the approach does not require specifying the market price of volatility
risk or observing the initial level of instantaneous volatility. The key assumption that enables
such tractability is that the ratio of the volatility of the variance swap rate to the instantaneous
volatility of the futures is independent of time (SVRH).
The authors investigated the link between the SVRH assumption and traditional stochastic
volatility models. Specifically, the proposed framework was compared to models that assume
that the instantaneous variance of the underlying asset can expressed as
dvt = a(vt, t)dt+ b(vt, t)
√
vt dŴt,
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where Ŵ is a Brownian motion under some equivalent martingale measure Q. The assumption
that the instantaneous variance process is of the above form was termed the maturity indepen-
dent diffusion hypothesis (MIDH). The following proposition is analogous to Corollary 5.6.1 for
variance swaps in the above framework of Carr and Sun (2007).
Proposition 5.6.2 (Carr and Sun (2007)). The SVRH and the MIDH jointly imply that the
risk-neutral process for the instantaneous variance is given by:
dvt = [p(t)vt + qv
2
t ] dt+ v
3/2
t dŴt, t ∈ [0, T ],
where p(t) is an arbitrary function of time and  > 0 and q < 
2
2 are arbitrary constants.
Furthermore, the risk-neutral process for w is given by
dwt(T ) = −vtdt+ g(wt(T );T )√vt dŴt, t ∈ [0, T ],
with g(0;T ) = 0 and gw(0;T ) = .
Proof. The reader is referred to Carr and Sun (2007).
To obtain Proposition 5.6.2, the authors examine the limiting case as the variance swap
approaches expiry and, together with PDE arguments, obtain interesting restrictions from a
rather general setup. The analogous arguments presented in Corollary 5.6.1 for the VIX also
make use of PDE arguments, however, where limiting arguments were used for variance swaps,
time-invariant arguments were used, since the VIX is defined over a fixed time horizon.
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5.7 Conclusion
In this chapter, a new modelling approach that prescribes dynamics to the term structure of
VIX futures was proposed. The main contributions of the chapter were Theorem 5.5.3 and
Theorem 5.5.4, which stated necessary conditions for there to be no arbitrage between the joint
market of VIX and equity derivatives. Not surprisingly, the restrictions are rather complex, as
a consequence of the complexities involved in the definition of the VIX. An application of the
main result was provided, which demonstrates that when modelling VIX futures directly, the
drift and diffusion of the corresponding stochastic volatility model must be restricted to preclude
arbitrage. This is similar to the well-known drift restrictions in interest-rate modelling.
There are several directions in which the research could be extended. The analysis performed
in this chapter provides a platform for the analysis of the existing literature. For models that
directly prescribe dynamics to the VIX, the affect of the drift and diffusion coefficients on the
underlying index can now be assessed using the no-arbitrage restrictions. Moreover, the newly
developed framework provides a starting point for the analysis of VIX option implied volatilities,
which are a fundamental quantity for both academics and practitioners.
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Chapter 6
VIX Surfaces
102
6.1 Introduction
This chapter is concerned with general properties of VIX option surfaces. The concepts dis-
cussed in this chapter served as a motivation for some of the analysis performed in previous
chapters. Due to the complexity and relatively unstudied nature of the forthcoming problems,
a preliminary analysis was first required. In this chapter, fundamental problems related to VIX
option surfaces are discussed. An original contribution is Proposition 6.2.5, in which the VIX
call surface is used to deduce information regarding the underlying index and a relationship
between VIX and equity call surfaces is derived.
The convention of communicating information via the language of implied volatility has car-
ried across to the VIX option market. There are many stylised features of VIX option implied
volatility surfaces that are observed in the market, which are often described in relation to the
implied volatility surface of the underlying index. Similar to index volatility surfaces, practi-
tioners attempt to capture the empirical observed features of VIX implied volatility surfaces.
For example, VIX option implied volatility closely tracks the index option skew. A decrease in
the index level leads to increase in the at-the-money implied volatility, which is proportional
to skew. A high index option implied volatility skew is therefore related to a volatile at the
money index implied volatility, which directly corresponds to the volatility of the VIX. Em-
pirically observed features of the term structure of VIX implied volatilities is another quantity
of interest that practitioners attempt to model. The term structure is typically higher in the
short term, due to the higher volatility-of-volatility of VIX futures, which is a consequence of
mean reversion. With regard to the VIX option skew, it is documented to be approximately
linear in log strike and upward sloping, due to the negative correlation with the underlying index
(Deshpande et al., 2011), which is a manifestation of the so-called leverage effect. Similar to
traditional derivative products, there is a premium placed on options that offer protection for
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large market deviations. The premium that is traditionally placed on out-of-the-money index
put options is placed on out-of-the-money VIX call options, since these products offer similar
protection. For more information regarding empirically observed features of VIX surfaces, the
reader is referred to Deshpande et al. (2011).
The suitability of a model for the joint valuation of VIX and equity derivatives is often
assessed through a qualitative comparison of VIX and equity option implied volatility surfaces,
as illustrated in Chapter 4. The language that is currently used is not mathematically precise,
as a consequence of the complex relationship between the VIX and the index. Despite the
importance of the VIX implied volatility surface to both academics and practitioners, basic
mathematical properties of the object are yet to be discussed in the literature.
The derivation of no-arbitrage restrictions on VIX implied volatility surfaces is a particu-
larly important problem. The many complexities involved with VIX implied volatility surfaces
encourage the use of parametric models. Without the derivation of additional arbitrage restric-
tions, there is no guarantee that these models will not introduce arbitrage opportunities between
the joint market of VIX and equity derivatives. For the traditional European call surface, Cox
and Hobson (2005) derived the necessary and sufficient conditions for the existence of a non-
negative local martingale, which represents the underlying index. These conditions are referred
to as static arbitrage conditions and Roper (2010) derived a set of corresponding conditions for
the implied volatility surface.
Extending the concept of static arbitrage to the joint market of VIX and equity derivatives
was the initial motivation of this chapter. Due to the many complexities associated with VIX and
equity implied volatility surfaces, the focus was shifted to a more modest problem. Rather than
focusing on VIX implied volatility surfaces, VIX call surfaces are the object of concern, as these
are much more tractable. The remainder of this chapter is structured as follows. Section 6.2 is
concerned with inferring properties of the VIX and the underlying index from the VIX option
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surface. It is a well-known fact that the call surface contains information regarding the marginal
distribution of an underlying asset. In the case when there are two call surfaces, one for the
VIX and one for the underlying index, one should be able to deduce information regarding
the marginal distribution of each quantity. Due to the complex relationship between the VIX
and the underlying index, there is a non-trivial relationship between the implied distributions.
In Section 6.2, the analysis of Breeden and Litzenberger (1978) is applied to the VIX surface.
An original contribution is Proposition 6.2.5, in which the VIX call surface is used to deduce
information regarding the underlying index and a relationship between the VIX and equity call
surfaces is derived. Conclusions are stated in Section 6.3.
6.2 Implied Risk-Neutral Marginal Density Function
Breeden and Litzenberger (1978) observed that the one-dimensional risk-neutral marginal prob-
ability law of the underlying asset is uniquely determined by the prices of European options for
all strikes. Intuitively, the result is related to the connection between the payoff of an option
and the Dirac measure. Given European VIX option prices for all strikes and maturities, one
should be able to determine additional information regarding the marginal distribution of the
underlying index.
In this section, it is assumed that European option prices for all strikes and expiries on both
the VIX and the underlying index are observed. The intuition of Breeden and Litzenberger
(1978) is applied and additional information regarding the underlying index is deduced. The VIX
is assumed to be derived from the underlying index and the marginal density of the underlying
index is considered. The VIX is represented as an expectation and can hence be expressed in
terms of the probability density function of the underlying index. An original contribution is
presented in Proposition 6.2.5, in which a relationship between both VIX and index call surfaces
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is derived that ensures that both surfaces imply the same probability density function for the
underlying index.
The following assumption is concerned with the marginal density of the index and it is
assumed to hold throughout this chapter.
Assumption 6.2.1. Let F be a strictly-positive local-martingale on the filtered probability
space (Ω,F ,F = (Fs)s≥t,Q). For fixed t ≥ 0 and Ft = f , for all τ > 0, the probability density
function of Ft+τ is given by
Q(Ft+τ ∈ dz|Ft) = Q(Ft+τ ∈ dz|Ft = f) = gˆ(z, t+ τ, f, t) dz. (6.1)
Corollary 6.2.2. Suppose that Assumption 6.2.1 is satisfied, then the VIX can be written as
Vt =
√
−2EQ [ ln(Ft+τ∗)− ln(Ft)| Ft],
where N ≡ 2τ∗.
Proof. The proof is an immediate consequence of Assumption 6.2.1, Corollary 3.3.4 and Propo-
sition 3.2.2.
Before proceeding, it is useful to observe the following auxiliary lemma regarding call sur-
faces. Lemma 6.2.3 could be expressed more generally, however, for the purpose of the intended
application, the following form is sufficient.
Lemma 6.2.3 (Breeden and Litzenberger (1978)). Suppose that Assumption 6.2.1 is satisfied,
so that the call price at time t is given by the formula
Ct(k, τ) =
∫
R
(s− k)+gˆ(s, t+ τ, f, t) ds = c(k, τ, f, t),
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for some pricing function c(·, τ, f, t) : R → R. Let ckk denote the second derivative of c with
respect to its first argument. Then the density function satisfies
gˆ(z, t+ τ, f, t) = ckk(z, τ, f, t), k-a.e.,
which implies that the function c(·, τ, f, t) : R→ R is continuously differentiable with respect to
k and the partial derivative ck(·, τ, f, t) is an absolutely continuous function with respect to the
Lebesgue measure.
In the following lemma, the VIX call surface is expressed in terms of the probability density
function of the underlying index.
Lemma 6.2.4. Suppose that Assumption 6.2.1 is satisfied, that is, the index is Markovian and
it admits a probability density function denoted g(z, τ, f, t). Then
cv(k, τ) =
∫ ∞
0
[√
−2
∫
R
ln(y/z) gˆ(y, t+ τ + τ∗, z, t+ τ) dy − k
]+
gˆ(z, τ, f, t) dz, (6.2)
for some pricing function cv(·, ·) : R×R→ R, such that the VIX call surface, Cvt (k, τ) satisfies
Cvt (k, τ) = c
v(k, τ),
for all (k, τ) ∈ [0,∞)× [0,∞).
Proof. Equation (6.1) and Equation (6.2.2) imply that the VIX can be expressed as
Vt =
√
−2
∫
R
ln(y/f) gˆ(y, t+ τ∗, f, t) ds = v(f, t), (6.3)
107
for some function v(·, ·) : R×R→ R. Now, the VIX call surface can be expressed as
Cvt (k, τ) = EQ
[
(Vt+τ − k)+
∣∣Ft]
=
∫ ∞
0
(v(z, t+ τ)− k)+ gˆ(z, t+ τ, f, t) dz = cv(k, τ), (6.4)
for some other pricing function cv(·, ·) : R × R → R. Comparing Equation (6.3) and Equa-
tion (6.4) completes the proof.
Remark 6.2.1. Lemma 6.2.3 implies that gˆ(·, t + τ, f, t) can be recovered from European index
option prices with expiry t + τ and all strikes. Given the price of European VIX options, the
left-hand side of Equation (6.2) is also known. The remaining unknown quantity is the forward
marginal distribution of F , gˆ(·, t+ τ + τ∗, ·, t+ τ), which is defined implicitly by Equation (6.2).
In the following proposition, a relationship between the VIX call surface and the index call
surfaces is derived.
Proposition 6.2.5. Suppose that F satisfies Assumption 6.2.1. Then, for there to be no ar-
bitrage between VIX options and index options, in the sense of Conditions (C1) and (C2) in
Section 5.5, the call surfaces must satisfy the relationship
cvkk(s, τ) =
∑
i
ckk(z
∗
i (s), τ),
where each z∗i (s) is a distinct solution to the equation
∫
R
ln(z) gˆ(z, τ + τ∗, z∗i (s), τ) dz − ln(z∗i (s)) +
s2
2
= 0. (6.5)
Remark 6.2.2. Equation (6.5) can also be expressed in terms of expectation of the random
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variable Fτ+τ∗ as
s2
2
+ EQ [ln(Fτ+τ∗)|Fτ = z∗i (s)]− ln(z∗i (s)) = 0.
Proof. The no arbitrage restrictions imply that the marginal distribution obtained for the un-
derlying index from both call surfaces must be equivalent. Differentiating Equation (6.2) in
Lemma 6.2.4 twice with respect to k and by Lemma A.4, which is a consequence of the Domi-
nated Convergence Theorem,
cvkk(k, τ) =
∂2
∂k2
∫ ∞
0
[√
−2
∫
R
ln(y/z) gˆ(y, τ + τ∗, z, τ) dy − k
]+
gˆ(z, τ, f, 0) dz
=
∫ ∞
0
∂2
∂k2
[√
−2
∫
R
ln(y/z) gˆ(y, τ + τ∗, z, τ) dy − k
]+
gˆ(z, τ, f, 0) dz
=
∫ ∞
0
δ
[√
−2
∫
R
ln(y/z) gˆ(y, τ + τ∗, z, τ) dy − k
]
gˆ(z, τ, f, 0) dz.
The fact that
δ(x) =

1, x = 0,
0, x 6= 0,
implies that
cvkk(s, τ) =
∑
i
gˆ(z∗i (s), τ, f, 0),
where each z∗i (s) represents a distinct solution to the equation
√
−2
∫
R
ln(z/z∗i (s)) gˆ(z, τ + τ∗, z
∗
i (s), τ) dz − s = 0.
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Squaring both sides and rearranging gives
∫
R
ln(z) gˆ(z, τ + τ∗, z∗i (s), τ) dz − ln(z∗i (s))
∫
R
gˆ(z, τ + τ∗, z∗i (s), τ) dz = −
s2
2
.
To complete the proof, observe that the second integral is identically equal to 1 and that the same
marginal distribution can be obtained from the index call surface, as shown in Lemma 6.2.3.
6.3 Conclusion
In this chapter, general properties, results and problems related to VIX surfaces were discussed.
Connections between the index call surface and the VIX call surface were established based on
the intuition of Breeden and Litzenberger (1978). The VIX call surface and implied volatility
surface are of critical importance to both academics and practitioners, however, the mathemat-
ical properties of either object have previously received little attention in the literature, as a
consequence of the complex relationship between the two. The results of this chapter represent
an initial attempt in understanding such complex relationships, which can be developed further
in future research.
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Appendix A
Auxiliary Results
Lemma A.1. (Baldeaux and Rutkowski (2010)) Let f : R+ → R be twice differentiable almost
everywhere with respect to the Lebesgue measure, so that
∫ m2
m1
|f ′′(K)|dK < +∞, ∀m1, m2 ∈ R+, s.t. m2 > m1 > 0,
and fix E ∈ R+. Then for any X ∈ R,
∫ ∞
E
(X −K)+|f ′′(K)|dK < +∞,
∫ E
0
(K −X)+|f ′′(K)|dK < +∞
and
f(X) = f(E) + f ′(E)(X − E) +
∫ ∞
E
(X −K)+f ′′(K)dK +
∫ E
0
(K −X)+f ′′(K) dK.
Lemma A.2. (Ito-Ventsel Formula) Let Gt(x) be a family of stochastic processes, continuous
in (t, x) ∈ (R+ ×Rd) P-a.s. satisfying:
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(i) For each t > 0, x→ Gt(x) is C2 from Rd to R.
(ii) For each x, (Gt(x), t ≥ 0) is a continuous semi-martingale
dGt(x) =
n∑
j=1
gjt (x)dM
j
t
where M j are continuous semi-martingales, and gj(x) are stochastic processes continuous
in (t, x), such that ∀s > 0, x→ gjs(x) are C2 maps, and ∀x, gj(x) are adapted processes.
Let X = (X1, ..., Xd) be a continuous semi-martingale. Then
Gt(Xt) = G0(X0) +
n∑
j=1
∫ t
0
gjs(Xs)dM
j
s +
d∑
i=1
∫ t
0
∂Gs
∂xi
(Xs)dX
i
s
+
d∑
i=1
n∑
j=1
∫ t
0
∂gjs
∂xi
(Xs)d
〈
M j , Xi
〉
s
+
1
2
d∑
i,k=1
∫ t
0
∂2Gs
∂xi∂xk
(Xs)d
〈
Xk, Xi
〉
s
.
Proof. The version stated above is taken from Jeanblanc et al. (2009). For the original result
see Ventzel (1965).
Lemma A.3. (Stochastic Fubini’s Theorem) Let X be a semi-martingale on a filtered probability
space (Ω,F,F,P), µ be a bounded measure on R, and H, defined on R+ × Ω ×R, be a P ⊗ B
bounded measurable map, where P is the F-predictable σ-algebra. Then
∫ t
0
dXs
(∫
µ(da)H(s, ω, a)
)
=
∫
µ(da)
(∫ t
0
dXsH(s, ω, a)
)
.
More precisely, both sides are well defined and are equal.
Proof. The version stated above is taken from Jeanblanc et al. (2009).
Lemma A.4. (Differentiating Under the Integral) Let (S,S, µ) be a measure space and f be a
real function defined on R× S. Suppose that for δ > 0 and x ∈ (y − δ, y + δ),
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(i) u(x) =
∫
S f(x, s)µ(ds) with
∫
S |f(x, s)|µ(ds) <∞,
(ii) for fixed s, ∂f∂x (x, s) exists and is a continuous function of x,
(iii) v(x) =
∫
S
∂f
∂x (x, s)µ(ds) is continuous at x = y,
(iv)
∫
S
∫ δ
−δ
∣∣∣∂f∂x (y + θ, s)∣∣∣ dθ µ(ds) <∞.
Then u′(y) = v(y).
Proof. The version stated above is taken from Durrett (1996).
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